CATEGORIFICATION OF SKEW-SYMMETRIZABLE CLUSTER ALGEBRAS 



LAURENT DEMONET 



Abstract. We propose a new framework for categorifying skew-symmetrizable cluster alge- 
bras. Starting from an exact stably 2-Calabi-Yau category C endowed with the action of a finite 
group r, we construct a F-equivariant mutation on the set of maximal rigid F-invariant objects 
of C. Using an appropriate cluster character, we can then attach to these data an explicit 
skew-symmetrizable cluster algebra. As an application we prove the linear independence of the 
cluster monomials in this setting. Finally, we illustrate our construction with examples associ- 
ated with partial fiag varieties and unipotent subgroups of Kac-Moody groups, generalizing to 
the non simply-laced case several results of Geifi-Leclerc-Schroer. 
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1. Introduction 

1.1. Cluster algebras. In 2001, Fomin and Zelevinsky introduced a new class of algebras called 
cluster algebras [FZ1| . |FZ2| motivated by canonical bases and total positivity |Lusl| . [Lus3| . 
By construction, a cluster algebra is a commutative ring endowed with distinguished generators 
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{cluster variables) grouped in subsets of the same cardinality (clusters). The chisters are not 
disjoint. On the contrary, each cluster A has neighbours obtained by replacing each of its 
variables Xi by a new variable x[. The new cluster fJ-i{A) = A\{xi} u {x'^} is called the mutation 
of A in the direction Xi. Moreover, the mutations are always of the form 



Xix'i = Mi+ Ml, 



where Mi and M- are monomials in the variables of A other than Xi. The axioms imply strong 
compatibility relations between the monomials of the exchange relations. In particular, a cluster 
algebra is fully determined by a seed, that is, a single cluster and its exchange relations with all 
its neighbours. In practice, one usually defines a cluster algebra by giving an initial seed. By 
iterating the exchange relations, one can express every cluster variable in terms of the variables 
of the initial seed. 

Berenstein, Fomin and Zelevinsky have shown that the coordinate rings of many algebraic 
varieties attached to complex semi-simple Lie groups were endowed with the structure of a 
cluster algebra jBFZj. Other examples have been given by Gei£, Leclerc and Schroer [GLS6| . 
[GLST] . 

Since their emergence, cluster algebras have aroused a lot of interest, coming in particular 
from their links with many other subjects: combinatorics (see for instance [CFZ| . [FST| ). Poisson 
geometry |GSV1| . |GSV2| . integrable systems |FZ3j . Teichmiiller spaces |FGj . and, last but not 
least, representations of finite- dimensional algebras. 

Unfortunately, because of the inductive description of cluster algebras, many properties of 
the cluster variables which might seem elementary are in fact very hard to prove. For instance: 

Conjecture 1.1 (Fomin-Zelevinsky). Cluster monomials (that is products of cluster variables 
of a single cluster) are linearly independent. 

In seminal articles. Marsh, Reineke, Zelevinsky |MRZj . Buan, Marsh, Reineke, Reiten, Todorov 



BMR"*") and Caldero, Chapoton |CCj have shown that the important class of acyclic cluster al- 
gebras could be modelled with categories constructed from representations of quivers. This gives 
in particular a global (i.e. non inductive) understanding of these algebras, and gives new tools 
for studying them. For example, this allowed Fu and Keller [FK| to prove the previous conjecture 
for a family of cluster algebras containing acyclic cluster algebras. 

At the same time, Gei£, Leclerc and Schroer have studied cluster algebras associated with 
Lie groups of type A, D, E, and have modelled them by categories of modules over Gelfand- 
Ponomarev preprojective algebras of the same type. They have shown that cluster monomials 
form a subset of the dual semi-canonical basis |GLS4| introduced by Lusztig [Lus4| . proving the 
above conjecture in this other context. 

More recently, Derksen, Weyman and Zelevinsky [DWZ2| . |DWZ1| have obtained a far- 
reaching generalization of [MRZ| . which also contains all the above examples. They have shown 
that one can control F-polynomials and g-vectors of every cluster algebra whose initial seed 
is encoded by a skew-symmetric matrix, using representations of quivers with potentials. This 
enabled them to prove the linear independence conjecture, as well as many other conjectures on 
F-polynomials and g-vectors formulated in |FZ4| . 

But the theory of Fomin and Zelevinsky includes more general seeds given by skew-symmetri- 
zable matrices (i.e. products of a skew-symmetric matrix by a diagonal matrix). For example, 
cluster algebras associated to Lie groups of type B, C , F, G are only skew-symmetrizable. 
The aim of this article is to extend the results of GeiiJ, Leclerc, Schroer and Fu, Keller to the 
skew-symmetrizable case. 

1.2. Actions of groups on categories. It is helpful to view a skew-symmetric matrix M = 
[fhij] 6 M„(Z) as an oriented graph Q (i.e. a quiver) with vertex set Qo = {Ij 2, . . . , n} and rhij 
arrows from i to j if fhij > (resp. from j to i if fhij < 0). If a group F acts on Q, one can 
associate with it a new matrix M indexed by the orbit set Qo/r, by defining mij as the number 
of arrows of Q between a fixed vertex j of the orbit j and any vertex of the orbit i (counted 
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positively if the arrows go from i to j and negatively if they go from j to i) 
that M is skew-symmetrizable. For example, if 

/O 





It is easy to see 



M 



then the quiver Q is of type D4 



V- 







■1 -1 
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1 



3. 

There is an arrow from 1 to the orbit of 4 hence m^i = — 1 and there are three arrows from the 
orbit of 1 to 4 hence mi4 = 3. Thus we obtain the matrix 



M 







of type G2 



Hence the action of a group F on a skew-symmetric matrix M gives rise to a skew-symme- 
trizable matrix M. If M is the initial seed of a cluster algebra A categorified as before by a 
category C, it is natural to try to categorify the cluster algebra A with seed M by a category C 
constructed from C and the group T. 

This leads to study fc-additive categories C on which a group T acts by auto-equivalences. In 
this situation, one can form a category CT whose objects are pairs {X, {tpg)g^r) consisting of an 
object X oiC isomorphically invariant under F, together with a family of isomorphisms ipg from 
X to each of its images by the elements g of T. One also requires that the ipg satisfy natural 
compatibility conditions. The category CF will be called the F-equivariant category. 

One then shows useful results of transfer. For example: 

• if C is abelian, then CT is abelian; 

• if C is exact and if for all 5 e F the auto-equivalence of C associated to g is exact, then 
CF is exact; 

• if is a normal subgroup of F then T/H acts on CH and one has an equivalence of 
categories {CH){T / H) ~ CF. 

We also prove that CF can be endowed with a natural action of the category modA;[F] of 
representations of F over k. 

The categories C used by Geifi, Leclerc, Schroer and Fu, Keller for modelling cluster algebras 
always have the following essential properties. They are Frobenius categories (i.e. exact cate- 
gories with enough injectives and projectives, and the injectives and projectives are the same), 
and they satisfy 

Ext^(x,y) ^Ext^(y,x)*, 

functorially in X and Y . To summarize, such a category C is said to be 2-Calabi-Yau. In this 
framework, the notion of cluster-tilting object introduced by |Iya2| is very useful. An object 
X is cluster-tilting if it is rigid, that is, if Ext^(X, X) = and if every object Y satisfying 
is in the additive envelope of X. If C categorifies a skew-symmetric cluster 
algebra A, the cluster-tilting objects model the clusters of A, and their indecomposable direct 
summands correspond to cluster variables. 

Our principal transfer result shows that if C is 2-Calabi-Yau, then CF is also 2-Calabi-Yau. 
Moreover, the two natural adjoint functors linking C and CF induce reciprocal bijections between 
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isomorphism classes of F-stable cluster-tilting objects of C and isomorphism classes of modA:[r]- 
stable cluster-tilting objects of CT. 

In order to apply these general results to the examples studied by GeiiJ, Leclerc and Schroer, 
we have computed explicitly the category CT in several cases |Deml| . This includes in particular 
the case when C is the module category of a preprojective algebra. 

1.3. Categorification of skew-symmetrizable cluster algebras. Consider a 2-Calabi-Yau 
category C on which acts a finite group F. For completing the categorification, one needs to 
develop a theory of mutations of mod /c[F]-stable cluster-tilting objects of CF, or, equivalently, of 
F-stable cluster-tilting objects of C. In the skew-symmetric case (which can be seen as the case 
where F is trivial), it is known that such a theory is possible as soon as there exists a cluster- 
tilting object whose associated quiver has neither loops nor 2-cycles. We introduce in the general 
case the concepts of mod /c[F]-loops and of mod A;[F]-2-cycles for a mod A;[F]-stable cluster- 
tilting object. One then shows that if CT admits a mod /c[F]-stable cluster-tilting object having 
neither mod /c[F]-loops nor mod A;[F]-2-cycles, all mod A:[F]-stable cluster-tilting objects also 
have this property. Under this hypothesis, one can define a mutation operation. More precisely, 
if T is mod A;[F]-stable cluster-tilting and if X is the mod A;[F]-orbit of an indecomposable non 
projective direct summand X of T, one constructs another mod /c[F]-stable cluster-tilting object 
T' obtained by replacing X by the mod fc[F]-orbit Y of another indecomposable object Y. One 
denotes n-x{T) = T'. One can also associate to T a skew-symmetrizable matrix B{T) whose 
rows are indexed by the mod A;[F]-orbits X of indecomposable summands of T and the columns 
by the mod A;[F]-orbits X of indecomposable non projective factors of T. The coefficients b^y 
are the numbers of arrows in the Gabriel quiver of Endc(T') between a fixed indecomposable 
object y of y and any indecomposable object X of X (the arrows from X to Y being counted 
positively and the arrows from Y to X being counted negatively). We then show (see theorem 

Theorem A. The mutation of T-stable cluster-tilting objects of C agrees with the mutation 
defined combinatorially by Fomin and Zelevinsky for skew-symmetrizable matrices. That is, 

where, in the right-hand side, by abuse of notation, /i^ is the matrix mutation of Fomin and 
Zelevinsky. 

Via the above-mentioned bijection between mod A;[F]-stable cluster-tilting objects of CT and 
F-stable cluster-tilting objects of C, one can associate to each F-stable cluster-tilting object T 
of C a matrix which will be also denoted by B{T). 

Finally, in order to attach to C and F a cluster algebra, we introduce a notion of F-equivariant 
cluster character. In the skew-symmetric case, according to the work of Caldero-Chapoton [CCJ . 
of Caldero-Keller \CK2\ . [CKi], of Palu [Pal], of Dehy-Keller [DK] and of Fu-Keller [FK] one 
can assign to every object X of C a Laurent polynomial in the cluster variables of an initial seed 
of the cluster algebra A categorified by C. If this initial seed is F-stable, one can identify the 
cluster variables which belong to the same F-orbit. This specialization of the Laurent polynomial 
associated to X only depends on the F-orbit X of X, and is denoted by P^- One deduces from 
the previous construction that if T is a F-stable cluster-tilting object in C, and if A is the cluster 
algebra whose initial seed has skew-symmetrizable matrix B{T), then the cluster variables of A 
are of the form P-j^ where X is the orbit of an indecomposable summand of a F-stable cluster- 
tilting object of C. In this situation, we say that the pair (C, F) is a categorification of A. One 
can then generalize the result of Fu and Keller (see corollary I3.6ip : 

Theorem B. Let B be an m x n matrix with skew-symmetrizable principal part. If B has full 
rank and if the cluster algebra A{B) has a categorification (C,F), then the cluster monomials 
are linearly independent. 

As a result, we obtain a proof of conjecture 11.11 for a large family of skew-symmetrizable 
cluster algebras. 
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1.4. Applications. Finally, we give new families of examples of categorification of cluster al- 
gebras. Let G be a semi-simple connected and simply-connected Lie group of simply-laced 
Dynkin diagram A, and let A be the associated preprojective algebra. GeiiJ, Leclerc and Schroer 
have shown that the subcategories Sub/j of mod A induce cluster structures on the multi- 
homogeneous coordinate rings of partial flag varieties associated to G |GLS6j . Our work allows 
to extend this result to the case where G corresponds to a non simply-laced Dynkin diagram. 
In particular, one obtains a proof of the conjecture 11.11 for these cluster algebras, and one can 
complete the classification of partial flag varieties whose cluster structure is of finite type (i.e. 
admit a finite number of clusters). In particular, this proves the conjecture of |GLS6l §14]. 

Let G be a Kac-Moody group of symmetric Cartan matrix, and let A be the associated 
preprojective algebra. Gei£, Leclerc and Schroer have introduced certain subcategories Cm of 
mod A and shown that they induce cluster structures on the coordinate ring of some unipotent 
subgroups and unipotent cells of G [GLS1| (see also |BIRS| which gives a different definition 
of similar subcategories). Our work allows to extend these results to the Kac-Moody groups G 
with symmetrizable Cartan matrices. In particular, one obtains for all these examples a proof 
of the conjecture ll.il As a particular case of this construction, we get (see theorem I4.47P : 

Theorem C. For every acyclic cluster algebra without coefficient A, there is a category C and 
a finite group T acting on C which categorify A up to specialization of coefficients to 1. This 
holds in particular for cluster algebras of finite type. 

Note that the works of Gei£, Leclerc and Schroer use as a crucial fact the existence of the 
dual semicanonical basis constructed by Lusztig for the coordinate ring of a maximal unipotent 
subgroup of G. But, when G is not of simply-laced type, there is no available construction of 
semicanonical bases. Our result can be interpreted as giving a part of the dual semicanonical 
basis in the non simply-laced case, namely the set of cluster monomials. 



2. Equivariant categories 

For references about monoidal categories and module categories over a monoidal category, 
see for example [BK| . [CP| . [Kasj and [Ost| . 

2.1. Definitions and first properties. Let khe a field, C a /c-category, Horn-finite and Krull- 
Schmidt (which means that the endomorphism rings of indecomposable objects are local, or 
equivalently, that every idempotent splits). Let F be a finite group whose cardinality is not 
divisible by the characteristic of k. Let T = mod k{T) be the monoidal category of A;(F)-modules, 
where A;(F) is the Hopf algebra of fc-valued functions on the group F. Remark that the simple 
objects in F are the one-dimensional fc(F)-modules given by evaluation maps at each element g 
of F. If g 6 F, the corresponding simple object in F will be denoted by g. With this notation, it 
is easy to check that the monoidal structure is simply g(x)h = gh, where for g,h eT, we denote 
by gh the simple fc(F)-module corresponding to gh e F. 

Definition 2.1. An action of F on C is a structure of F-module category on C. 

Remark 2.2. If one considers, as in [RRl p. 254], a group morphism p from F to the group of 
autofunctors of C, one obtains a strict F-module structure by setting g ® — = p{g)- 

We now introduce a category of F-invariant objects of C. The naive idea of considering the 
full subcategory of C of invariant objects does not work because almost none of the desired 
properties are preserved. 

Definition 2.3. Let C be endowed with an action of F. The T-equivariant category of C is 
the category whose objects are pairs (Xjip), where X s C, and ^p = {ipg)g 6 F is a family of 
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isomorphisms ipg : g,® X ^ X such that, for every g,h eT, the following diagram commutes: 



Id„ lE>ll>h 

g(g){h(g)X)— -g®X 



^3h 

gh(8)X ^X. 

Here, a denotes the F-module structural isomorphism. We also assume that ^pf> ■ ® X ^ X is 
the structural isomorphism of the F-module category whenever e is the neutral element of T. 

The morphisms from an object (X, ip) to an object {Y, x) are the morphisms / from X to Y 
such that for every g sT, the following diagram commutes: 

g®X-^X 



idg (g)/ 



g®Y^^Y. 

Notation 2.4. • In the sequel, in particular in diagrams, we will denote by tp every arrow 

of the form Id ■ 

• Every F-module structural isomorphism will be denoted by a in diagrams. 

• The F-equivariant category of C will be denoted by CT. 

Remark 2.5. This category is equivalent to the "skew group category" considered by Reiten and 
Riedtmann in |RRl p. 254]. We have found our definition easier to handle because it does not 
require to use a Karoubi envelope. Moreover, it permits to deal with non-strict actions, which is 
more practical in certain cases. For more details about this problem, in particular for the proof 
of the equivalence, see |Dem3| . 

Examples 2.6. (i) If C = mod A; is the category of finite dimensional /c-vector spaces, and 
the action of F on C is trivial, then CT ~ mod k[T]. 

(ii) If ^ is a /c-algebra and F acts on A, F acts naturally on mod^. Then, one has 
(mod^)F ~ mod{AG) where AG is the skew group algebra defined in |RRj (see also 
section [2^ . 

(iii) If F is a cyclic group, the category CT is the same as the one considered in [Lus2l chapter 
11]. 

The following proposition is an easy generalization of a proposition of Gabriel [Gabl p. 94-95]: 

Proposition 2.7. // F = {go} is cyclic of order n 6 N, and if every element of k has an n-th 
root in k, then every X e C such that X ~ go ®X has a lift {X,ip) in CT. 

Note that proposition 12.71 does not generalize to a non cyclic group (see e.g. |Dem3l ex. 
2.1.19]). 

Lemma 2.8. (i) The category CT is k-additive, }iom-finite and Krull- Schmidt. 

(ii) If C is abelian, then CT is also abelian. 

(iii) If C is exact and if for all g e F, the functor g ® — : C — >■ C is exact (one will say that 
the action is exact), then CT is exact with admissible short exact sequences of the form 

^ (X,^) ^ {X',tl;') ^ {X",iP") such that ^ X ^ X' ^ X" ^ is an 
admissible short exact sequence in C. 

Proof. All these points are clear from the functoriality of the various constructions 

(kernel, splitting, . . . ). □ 

Definition 2.9. Let n 6 N. An n-associativity is a functor from F" x C to C built from the 
bifunctor ® and the object 1 6 F. For instance, (— ® — ) ® (1 ® — ) and — ® (— ® — ) are 
2-associativities. An associativity is an n-associativity for some n. 
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Let if be a subgroup of F and {X, ip) e CH. Let 91,02, - ■ ■ , 9rn 5ii 92' • • • > 5m ^ Let Ai be an 
n-associativity and A2 an m-associativity. A ijj- structural isomorphism from Ai(gi, . . . ,g.„,X) 
to ^2(g'i> • • • ) gmi ^) is any isomorphism composed of structural isomorphisms of the F-module 
structure, and of isomorphisms of the form ^{^h) or $(-0;^^) where h e H and $ is a functor 
constructed from an associativity and objects of T. 

Lemma 2.10 (coherence). Let H be a subgroup ofT. Let {X,iIj) eCH. Let 

91,92, ■ ■ -,911, 91,921 • • • ,9m e r. 

Let also Ai be an n-associativity and A2 be an m-associativity. Then all iIj- structural isomor- 
phisms from Ai{gi,g2, ... ,gn, X) to A2(g[,g'2, ■ ■ ■ ,g'm,X) are equal. 

Proof. By invertibihty of the ■(/'-structural isomorphisms, one can suppose that Ai = A2 and that 
one of the two i/'-structural isomorphisms is the identity. Let / be a V'-structural isomorphism 
from ^i(gi, g2, . . . ,gn, X) to itself. By using commutative diagrams built from diagrams of the 
form 



X 



h(g) (h^^ ®X) 



h(g)X 



h®(h-i®(h®X)) 



h® (1®X) 



with h e H, one can suppose that / contains only positive powers of ip. By using commutative 
diagrams of the form 



$i(h'®X) 



^>2(h®X) 



$2(h®(h'®X)) 



MX) 



$2(hh'®X) 



where h,h' e H and $1 and ^2 are functors made from an associativity and objects of F, one 
can suppose that / is of the form ai^{iph)o:2 where ai and 02 are structural morphisms of C 
and $ is made from an associativity and objects of F and h e H. Then, as ai^{'tph)ct2 goes 
from Ai(gi,g2, . . . ,gn,X) into itself, h is the neutral element of H and as ipe is structural, / 
is a structural morphism of the F-module structure which implies the result, by the MacLane 
coherence lemma (see [Mac] ). □ 

Proposition 2.11. Let H be a normal subgroup ofV. The action ofV on C induces an action 
of H on C. Then: 

(i) The action ofV on C extends to an action ofV on CH. 
(a) For every h e H, there is an isomorphism of functors from h® — to IdcH- 
(Hi) The action ofT on CH induces an action ofT/H on CH. 
(iv) There is an equivalence of categories between (CH)[T/H) andCT. 

Proof. (i) Let {X, ip) e CH. If e F and h e H, define (g ® ^JJ)h such that the following 
diagram commutes: 



g®^ 



■g® (g-ihg®X) 



h®(g®X) 
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For 5 6 r and h, h' 6 H , the following diagram is commutative from lemma [2?T0] because 
all arrows are i/'-structural: 



h® (h'®(g®X)) 



hh'(x)X 



h(g)(g(g)?/')h/ 



-h®(g®X) 



which means that g ® {X, ip) = (g ® X, g ® ■;/') £ CH (it is easy to see that (g ® ip)e is 
structural). The following diagram commutes for g,g' eT and he H: 

h ® (g ® (g' ® g ® (g' ® X) 



(gg'®V)h 



gg'®X 



h® (gg'®X) 

Therefore the structural isomorphisms of C are also structural isomorphisms of CH 
which leads to the conclusion, 
(ii) For h, h' 6 H, for the same reason, the following diagram commutes: 



h' ® (h ® X) 
h(E)X' 



h'®X 



Therefore iph is an isomorphism from h ® X to X in the category CH. If (y, x) 6 CH 
and / : {X, ip) (Y, x) is a morphism, the following diagram commutes: 



h®X 

Wh®/ 

h®y ■ 



X 



Y. 



If one denotes 



fh;Y,x = Xh 



for every {Y, x) e Cif, then iph is an isomorphism from the functor h® — to the functor 

(iii) For g eT, denote by 'g its class in F/H. Let Fq F be a set of representatives of T/H 
containing the neutral element. For every g s Fq, let g®— = g®— . Let g, g' eTq. There 
exists a unique decomposition gg' = g"h with g" s Fq and h s H . The isomorphism of 
functors a, such that the diagram 



gg'® 



g ® (g' ® 



g ® (g' ® 



g" ® (h ® 



■ g"h ® 



commutes, endows CH with an action of T/H. Indeed, all axioms of a F/H-module 
category are verified because every morphism considered in these axioms is ^'-structural 
and therefore the equalities are true. 



(iv) Let e {CH){T/H). For g € T, there exists go e Tq and h s H such that 

g = goh. Let tpg be such that the following diagram commutes: 

g®X igo®(h®X) ^^goOX 



Let now eT, gQ e Tq, h' e H, g^ e Tq and /i" 6 H such that g' = gQh' and (717' = gQh" 
The following diagram commutes: 



g®(go®(h'(x)X)) 



:®(go®^) 



1/)" 



g®^ 



go®(h®(g^®X));^ — -go®(h®X) 



;o®(h®(g(,®(h'®x))) 



go®(go®^) 



■go®^ 



■go®^ 



g^'®(h"®x)- 

(the two upper squares because a is functorial, the middle right square because -0" is a 
morphism from gg ® [X^if)') to (X, V'Oi the lower right square by definition of ip" and 
the lower left pentagon because it is formed by ■(/''-structural morphisms). Keeping only 
the border and composing with structural morphisms on the left, one gets the following 
commutative diagram: 



g ® (g' ® X) 



gg' ® X 



\®x 



X 



hence 6 CT. Let $(X,V',0 = (^,V')- Let {Y,x',x") e {CH){T/H) be an- 

other object and (y,x) = $(l^,x',x")- Let / e Hom(cH)(r///)(^, V'', V'"; i^, x', x")- The 
following diagram commutes: 



g®X igo®(h®X)^^(7o®^ '''' 



;®y 




and, as a consequence, / e Homcr((-^, (XiX))- By setting $(/) = /, $ is a functor. 
Now, if (X, V') e CT, for h e H, let = V'/i and for e Tq, V'fo = V'go- easy to 



check that {X,'ip',ip") e {CH)(T/H) (each involved morphism is i/'-structural) and that 
^{X,ip' ,ip") = (X,ijj). Finally, $ is essentially surjective. Moreover, it is easy to see 
that ^ is fully faithful. Hence $ is an equivalence of categories. □ 
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2.2. A mod fc[r]-module structure on CT. We denote by k[T] the group algebra of F. This is 
a Hopf algebra (dual to k{r)), hence mod A:[r] is a monoidal category. An object of modA;[r] will 
be denoted by {V,r), where V is a fc-vector space, and r : T ^ GL{V) a group homomorphism. 

Proposition 2.12. The category CT is a mod k[r]-module category in a natural way. 

Proof. Let modo k be the full subcategory of mod A;, whose objects are A;" (n e N). Let ^ be the 
inclusion functor. It is easy to extend ^ to a monoidal equivalence of categories. Let $ be a 
monoidal quasi-inverse of One endows C with a structure of mod /c-module category by setting 
for every V e mod k and X € C, V ® X = X'l'™^^) . UV,W e mod k, X,Y sC, f e Honifc (V, W) 
and g e Homc(X, Y), one defines f g : V (g) X = X'^''^^^^ -^W(S)Y = ydim(W) 

f (g)g = (<5(/)ij5')i^j^dim(Vy),Kj^dim(y) • 

For every V,W e mod k and X eC, av,w,x : {V ®W) (g) X ^ V (g) {W (g) X) is defined by 



OiV,W,X: 



Idx 




if i = 
else, . 



j + dim{V){i-l), 



where 1 ^ i ^ dim(y (g)W) = dim{V) dim(VF), 1 ^ i ^ dim(V) and 1 ^ ^ ^ dim(T^). 

It is now easy to check that C is modo fc-module with these structural isomorphisms. As $ is 
a monoidal equivalence, C is also mod /c-module. 

One deduces that CT is mod /i;[r]-module. Indeed, one remarks that for every g e T , V € 
modk and A 6 C, one has g ® (F ® A) = g (g) A'^'"^^ = (g ® xf"^^ = F ® (g ® A). If 
{V,r) e modA;[r] and {X,tjj) e CT, let (V,r) ® (A,^) = ® A,r ®V) where, for g e T, 



(r ® : g ® (V^ ® A) = y ® (g ® A) ^ y ® A is defined by (r ® V')^ 
also /i e r, one gets the two commutative diagrams 

V^^V g®(h®A) "^"^^ ^ g®A 



® V'g- If one takes 



rgh 

V — 



gh® A 



X 



and applying the bifunctor ® : mod k x C ^ C yields the commutative diagram 



g®(h®(y®A)) 



gh® (y ® A) 



Idg (x)(r(x)V)h 



■g®{V®X) 

-^y ® A 



hence ® A, r ® V') e CT. 

Moreover, if {V',r') 6 modfcp], {Y,x) s CT, f e Hom^„dfc[r]((K 0, (F', r')) and /' 6 
Homcr((A, t/j), (Y,x)), the two following diagrams commute for every g sT: 



V 



V 



g®A 

Mg (X)/' 

g®y 



A 



/' 



Xa 



Y 



which shows by applying the bifunctor ® : mod/c x C ^ C that f ® f s }iomcr{{V,r) ® 
(A, Tp), (V, r') ® (y, x)). This finishes the proof that CT is a mod A;[r]-module category. □ 

Remark 2.13. The previous structure does not depend on the choice of <I> up to isomorphism. 

10 



2.3. A A:[r]-linear structure on the equivariant category. The aim of this section is to 
define new morphisms spaces on CT which are A:[r]-modules. These new structures will be 
written in bold face. This gives a new category closely related to CT. The main relationships 
between the two categories will be outlined. 

Notation 2.14. One denotes by F the forgetful functor from CT to C. 

Recall this classical lemma: 
Lemma 2.15. There is an isomorphism of trifunctors from (modfc[r])^ to modk: 

Hommodfc[r](?i®?2>?3) ^ Hom„iodfc[r](?i,?2®?3)- 

If r is a k\TY'module, r* denotes its contragredient, or dual representation. 

Here is an easy lemma (for a detailed proof, see [Dem3l lemme 2.1.16]) : 

Lemma 2.16. With the previous notations, there is an isomorphism of quadrifunctors 

Homc(?i (X) -1, ?2 ® -2) ^?^®?2 ® Homc(-i, -2) 

where the — are variables of C and the ? are variables ofmodk. 

Let (XjTp), {Y,x) £ CT. As a fc-vector space, let 

Homcr((^,^), = Homc(X,F). 

If g e T and / 6 Homcr(-'^, define gf e Homcr(-'^, ^) by the following commutative 
diagram: 



Xg 

Thus, one will prove in proposition 12.171 that Homcr(-'^, ^) acquires the structure of a k[T]- 
module. If F : (X, V'), T' : {Y,x) {Y',x') are morphisms in CT, define 

Homer (r,r') = Home (FT, FT'). 

Proposition 2.17. Defined in this way, Homer is a bifunctor from CT x CT to modA;[r] 
contravariant in the first variable and covariant in the second one which satisfies: 

(i) for X,Y, Z e CT the composition 

o : Home(Fy, FZ) (x) Home (FX, FY) Home (FX, FZ) 

is a morphism of k\T]-modules 

o : Homer (1", Z) ® Homer (X, Y) ^ Homer (X, Z); 

(a) there is an isomorphism of quadrifunctors 

Homer (?i ® -1, ?2 ® -2) ^?^®?2 ® Homer (-1, -2) 

where the ? are variables in modfc[r] and the — are variables in CT; 
(Hi) there is an isomorphism of quadrifunctors 

Homer(?i ®-i,?2 ®-2) - Hominodfc[r](?i®?2)Homer(-i, -2)) 

where the ? are variables in modfc[r] and the — are variables in CT. 
In particular it endows CT with the structure of a mod A;[r]-/mear category. 
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Proof. For g,h eT, the following diagram commutes: 

9ihf) 




Idg (gihf 




gh®X^^g®(h®X)^^ '-lg0{h®Y)^-^gh®Y 

Idgh ®/ 

SO g{hf) = {gh)f and Homer (-^^^ ^) is a representation of T. 

If r : (X', V'O ^ (X, V), r' : (y, x) ^ (l^', x') are morphisms in CT, and if / e Homc(X, Y), 
the following diagram commutes for every g e T: 

3Homc(r,r')(/) 




and finally, 5Homc(r, r')(/) = Homc(r, r')(<7/). 

Hence Homc(r,r') is a morphism from Homer ((X, ■;/'), (^iX)) to Homer ( (-'^', V'Oi O^'^x')): 
morphism which will be denoted Homer (r,r') turning Homer into a bifunctor. 

Let us now prove the three additional properties: 

(i) is clear. 

(ii) It is enough to show that the isomorphism of quadrifunctors F defined in lemma 12.161 
remains an isomorphism. Let g and (V,r), {V ,r') e inodk\T]. By definition of a 
morphism of functors, the lower square of the following diagram commutes: 



y* ®F'®Home(X,y) 

Id®Id(X)(g(X)-) 



Home(y ®X, V'®Y) 



® y ® Homc(g ® X, g ® y) Home(y ® (g ® X), y ® (g ® Y)) 



t -1 



Vg <x)r^(x)Homc(^/'g ,Xg) 



Homc(rg ^(gi/'a ^ ,r'g<^Xg) 



■Home(F®X, V'®Y) 



y * ® F' ® Home (X, y ) 

and the upper square commutes because F® (g®X) = g®(y®-'^). This proves that 
^V,V',x,Y is a morphism of representations, 
(iii) From lemma [2. 151 and ([n]), one gets 

Homi^odfc[r](?i®?2, Homer (-1, -2)) - Homjnodfc[r] (1, ?^®?2 ® Homer (-1, -2)) 

- Homj„odfc[r](l, Homer (?i ® -i,?2 ® -2)) 

hence it is enough to see that HomjnodA:[r] (1) Homer (—1, —2)) — Homer(— 1, —2)- This 
is clear. Indeed, it is sufficient, if / e Homjnodfc[r] (1> Homer ((X, V')) {Y,x)))^ to asso- 



ciate to it 



/(1)6 pHomer((X,^),(y,x)f =Homer((X,^),(y,x)) 
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the last equality being the definition of Homer {{X,ijj), {Y,x))- D 
Corollary 2.18. There is an isomorphism of trifunctors 

Homcr(?* ® -, -) ^ Homcr(-, ? ® -) 

where 7 is a variable o/modA;[r] and the — are variables ofCT. In particular, if r e modA;[r], 
the two functors from CT to itself r (x) — and r* (x) — are adjoint. 

Proof. Using proposition 12.171 one gets 

Homcr(?* ® -, -) Homjnodfc[r](?*,Homcr(-, -)) ^ Homcr(-, ? ® -), 
which is the desired isomorphism. □ 

2.4. The functors -[r] and F. 

Proposition 2.19. For X e C, define 

X= |^0gj ®X 

For 5 6 r, denote by 'ijjg the unique structural isomorphism from g®X to X . Then {X^if)) eCT . 
Proof. For g,h eT, the diagram 

Idg gjVh 



g®(h®X) 



■g®X 



gh®X 



X 



commutes by unicity of the structural isomorphism from g® (h®X) to X (lemma r2.10p . □ 

Definition 2.20. The object will be denoted by X[T]. 

Lemma 2.21. One can extend — [r] to a functor from C to CT by setting 

f[T]= ^01dgj®/ 

for every morphism f of C. 

Proof. It is enough to see that if / : X ^ y is a morphism in C, then 

/[r]= |^0idgj®/ 

is a morphism from X[r] to ^[r]. Let h eT. The diagram 

id(g)(id(g)/) 



h®((e3,r g)®X 



{®gers)®X 



h®((e,,ri 



®y 



Id®/ 



□ 



commutes by functoriality of structural morphisms. 
Proposition 2.22. (i) There is an isomorphism of functors from CT to itself: 

iF-)[T] ~ A;[r]®- 

where F : CT ^ C is the forgetful functor and k\T\ denotes the regular representation 
ofT. 

(a) The functors F : CT C and — [r] : C ^ CT are adjoint. 
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Proof. (i) Let {X, ip) e C. Let x be such that 



y^®sj®X,xj =X[T]. 

For g,h e r, the following diagram commutes: 

h ® (g ® X) hg (X) X 



h(g)-!/'g 



h(x)X 



X 



Adding up these diagrams for g eT,hy setting g' = hg, the following diagram commutes: 



h® ((e,g) (x)X) g') ®^ 




e,(h®(g®x)) 

©o(h®X) 



0" 



^9 



h®(e3^ 



(fe[r](x)V;)h 



the equalities consisting of unique identifications through universal properties. As a 
consequence, Qipg is an isomorphism from X[T] to k[r] ® {X,ip). Moreover, if / : 
{X, ijj) (Y, ip') is a morphism, the following diagram commutes: 



(®g)®/ 



the commutativity of the lower square coming from the fact that / is a morphism in 
CT . Finally, 01/^3 is a functorial isomorphism, 
(ii) Let a: e C and {Y, V^) 6 CT. If / 6 Homc(X, Y), one defines 

e(/):@(g®A)= (@g)®A^y 



by 



For g,h eV, the following diagram commutes: 

h(x)(g(x)f) hig)tb„ 

h®(g®x) ^^^^'S h®(g®y)— ^ — -h®y 



hg®A: 



hg®/ 



■ hg ® y ■ 
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Y. 



By adding up these diagrams for 5 6 F, one obtains the following commutative diagram: 

h<g)mg)®x)'^^ — -hoy 



Xh 



(eg)(x)x — 

which shows that ^(/) is a morphism from X\r\ to {Y^iIj). We now check that ^ is 
functorial. Let X' e C and {Y' ^if)') e CT . Let r/ : X' ^ X be a morphism of C and 
: {Y, •0) {Y', -0') a morphism of CT. Then, for geT, 

o o ??[r]), = e o o (g ® ,7) = ^ o V^, o (g ® /) o (g ® r?) 

= < o (g (X) o (g ® /r?) = o (g ® 9fr]) = i{efr,)g 

hence, the following diagram commutes: 

Homc(n,F6») 

Homc(X, Y) — — Homc(X', Y') 
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Homer (lyrrLe) 

Homcr(X[r], (y, ^ Homcr(X'[r], (Y' , V'')) 

which leads to the functoriality of ^. If /' e Homcr(X[r], (y.^/-)), let C(/') = /{A 
One clearly has C(?(/)) = /■ Moreover, 

i{af))g = V'g o (g ® (/;A-1)) = V, o (g ® /{) o (g ® 

= o XsIksX o (g ® = o (g ® A) o (g ® = 

thus ^ and C are reciprocal morphisms. □ 

Corollary 2.23. Lei {X,^) s CT . Then 

(i) The object (X, ^/;) is a direct summand of X\T]. 

(a) If(X,'ip) is indecomposable, T acts transitively on the set of isoclasses of indecomposable 
summands of X . 

Proof. (i) By proposition 12.221 X[r] ~ A;[r] ® {X^ijj). This gives the result because 1 is a 
direct summand of k\T\. 

(ii) Let X = Xi in C, the Xi being indecomposable. Then -'^[r] = and, as 
CT is Krull-Schmidt, (X, if:) is a direct summand of one of the Xj[r]. As a consequence, 

add(X) c addF(X,[r]) = add(e 

ger(g®^i))- As Xi is indecomposable and C is 
Krull-Schmidt, T acts clearly transitively on this subcategory. □ 

Notation 2.24. Let M e CT. The number of indecomposable direct summands of FM will be 
denoted by £(M). The number of non isomorphic indecomposable direct summands of FM will 
be denoted by #M. 

Remark 2.25. If M is indecomposable and T is cyclic, then jj^M = £(M). However, it is not the 
case in general, even if the group is commutative (see proposition 12.71 and the remark after it). 

Lemma 2.26. Let X e CT be indecomposable. Then, #X divides £{X). Their ratio is the 
number of copies of each indecomposable of add[FX) in FX. 

Proof. Let Xi^X2 be two indecomposable summands of FX. By corollary 12.231 as X is inde- 
composable, there exists 5 e F such that g ® Xi ~ X2. Moreover, g®X ~ X, therefore, the 
numbers of copies of Xi and X2 in X are equal. □ 

Lemma 2.27. If C is semisimple then CT is semisimple. 
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Proof. Let X,Y two indecomposable objects of CT and / 6 Hom.cT{X,Y). As C is semisimple, 
C and CT are abelian. Let k : K ^ X the kernel of /. As C is semisimple, Fk splits through an 
h:FX^ FK. One gets /I 6 Homer K). Let 

/i = — — ^ q ■ h 

with the result that /i is a morphism from X to K and that 

hk = ^Y.{9-h)k = ^Y.{g.h)(^g.k) = ^Y.g.{hk) = ^Y.9-^^K=ldK 

and finally, k splits. As CT is Krull-Schmidt, is a direct summand of X. Finally, as X is 
indecomposable, ker / = or ker f = X. In the same way, coker / = or coker f = Y and, as a 
consequence, / = or / is invertible which shows that CT is semisimple. □ 

Definition 2.28. One denotes by [C] the semisimple fc-category, whose simple objects are the 
isomorphism classes of indecomposable objects of C. For X = Xi ® X2 ® • • • ® Xn £ C where 
Xi, X2, . . . , Xn are indecomposable, write 

[X] = [Xi] e [X2] e • • • e [^n] 

where [Xi] is the isomorphism class of Xi (it is well defined because C is Krull-Schmidt). More- 
over, if X 6 C is indecomposable, one defines 

End[c]([X]) =Endc(X)/m 

where m is the maximal ideal of Endc(^). 

Lemma 2.29. Let Xi, X2, . . . , Xn e C be nan isomorphic indecomposable objects. Then, for 

n 

dimfc(Hom[c]([Xii ©X^2 © • • • ex;-], [Xf ©Xf ® ■ ■ ■ ® Xt])) = ^dece- 

Here, for every i, C£ is the degree of the extension 

k c Endc{Xi)/mi 
and m£ denotes the maximal ideal ofTiudciXf). 

Proof. It is obvious. □ 

Lemma 2.30. (i) The action ofT on C induces an action ofT on [C]; 

(a) if k is algebraically closed and [C] has only one simple, then [C]T ~ [CT] as a mod A;[r]- 
module category. 

Proof. First of all, up to an equivalence of categories, each isomorphism class of C can be 
supposed to contain exactly one object. 

(i) If 5 e r and X e C, let g g) [X] = [g ® X]. l{ f : [X] ^ [X] is a morphism, then / 
comes from a morphism fo'.X^X. Let g ® / be the class of g ® /o modulo m. It 
is well defined as if /o is nilpotent, then g ® /o is also nilpotent. In the same way, one 
defines structural morphisms of [C] by projecting those of C modulo maximal ideals. It 
is now clear that [C] is a F-module category. 

(ii) Let Xq e C he the only indecomposable object up to isomorphism. As [C]r and [CT] 
are semisimple and k is algebraically closed, it is enough to see that the simple ob- 
jects of both categories are in bijection. If [(X, V')] e PF], one can associate to it 
([X],'i/'') 6 [C]T by reducing matrix coefficients of -0 modulo the maximal ideal of 
Endc(Xo). Conversely, if ([X],'^') e [C]F, one car associate to it [(X, where the 
matrix coefficients of V' are those of V'' multiplied by Idxo- I* is clearly a bijection. □ 
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Lemma 2.31. Suppose that k is algebraically closed. Let X e C be an indecomposable object 
andY e add(X[r]) an indecomposable object ofCT. Then X\r] has i(Y)/^{Y) indecomposable 
direct summands isomorphic to Y . 

Proof. It will be proved in three steps. 

(i) jfY = 1. Then, up to restriction to add(Fy) = add(X), one can use lemma [2.301 and 

dimHomfcr](m, [k[T](E)Y]) = dimHom[c]r(m, A;[r] ® [Y]) 

= dimHom[c](F[y],F[y]) = i{Yf. 

Moreover, X[r]^(^) = k[T] <S)Y which implies the result in this case. 

(ii) #y = #r. In this case, X[r] is indecomposable and therefore y ~ X[r] which clearly 
implies the result. 

(iii) General case. Let Y be the set of indecomposable summands of FY up to isomorphism. 
The action of T induces a morphism F ©y, whose kernel H is normal in T. So, one 
can apply proposition 12. Ill As CT ~ CH(T/H), one gets a partial forgetful functor 
from CT to CH. Let Y e CH be the image of Y by this functor. Let Y' be an 
indecomposable direct summand of Y. As ^Y' = 1, case ^ applies to Y'. Moreover, 
X[T] ~ X[H][T/H] and #Y = #T/H. Hence, Y ~ Y'[T/H] appears in X[T] the 
number of times Y' appears in X[H], that is i(Y') = 1{Y)/#{T/H) = l(Y)/#Y. □ 

2.5. Approximations. 

Definition 2.32. One defines 2l0i)(C) to be the class of all full sub-fc-categories of C which 
are stable under isomorphisms and direct summands. If is a collection of objects of C, one 
denotes by add(£^) the smallest category of 2tc)c)(C) containing E. The category T e 2t£)0(C) is 
said to be finitely generated if T is of the form add(M) for some object M s C. The subclass of 
2100 (C) consisting in all finitely generated categories will be denoted by add{C). If F is a functor 
from C to a fc-category C and T e 2100 (C), F{T) will denote add({F(X) \X eT}). If C is an 
A^-module category for some monoidal category A4, 2100 (C)''^ (resp. oOO(C)-^) will denote the 
class of elements of 2100(C) (resp. aOO(C)) which are sub-A^-module categories of C. 

Definition 2.33. Let T e 2100(C) and M e C. A left (resp. right) T -approximation of M is 
an object N sT and a morphism / e Homc(M, A^) (resp. 6 Home (A", M)) such that for every 
N' eT and f : M ^ N' (resp. f : N' ^ M), f factors through /. 

Definition 2.34. A morphism / of the category C is said to be left (resp. right) minimal if 
every morphism g such that f = g o f (resp. f = f o g) is an isomorphism. 

The following lemmas are folklore. For detailed proofs, the reader is referred to [ARS| or 
|Dem3j . 

Lemma 2.35. Let X,Y,X',Y' e C and f e Homc(A,y), /' 6 Homc(A',y'). 

(i) The morphism f is right minimal if and only if there is no decomposition X ~ Xq@Xi 
such that f\xo = and Xq # 0. 

(ii) The morphism f is left minimal if and only if there is no decomposition y = yo © yi 
such that the corestriction of f to Yq vanishes and Yq ^ 0. 

(iii) The morphisms f and f are both left (resp. right) minimal if and only if f @ f is left 
(resp. right) minimal. 

Lemma 2.36. Let M,N,M',N' e C, T e 2100(C), f : M ^ N and f : M' N' . Then f 
and f are both left (resp. right) T -approximation if and only if f @ f is a left (resp. right) 
T -approximation. 

Lemma 2.37. If T e aOO(C) and M e C, then there exists a minimal left (resp. right) T- 
approximation of M which is unique up to (non unique) isomorphism. Moreover, any left (resp. 
right) T -approximation of M is the direct sum of the minimal left (resp. right) T -approximation 
of M and a morphism of the form ^ N (resp. N ^ 0). 
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Lemma 2.38. Let M e C and T e 2tc)i)(C). IfT contains the injective envelope (resp. projective 
cover) of M , then every left (resp. right) T -approximation of M is an admissible monomorphism 
(resp. epimorphism) . 

Lemma 2.39. Let T e 2lt)c)(Cr)'^°d*^[r]^ X,Y sCV and f e Romcr{X,Y). 

(i) f is a left (resp. right) T -approximation if and only if Ff is a left (resp. right) FT- 
approximation. 

(a) f is a minimal left (resp. right) T -approximation if and only if Ff is a minimal left 
(resp. right) FT -approximation. 

Proof. By duality, it is enough to prove the statement for left approximations. 

(i) First of all, as T is mod A:[r]-stable, if FY s FT, then Y s T (and, by definition, if 
y 6 T, FY e FT). As F and — [r] are adjoint, the following diagram is commutative 
for every T e T: 

UomciFY, FT) —-^ — ^ Home (FX, FT) 

RomcriY, {FT)[r]) Homcr(X, (Fr)[r]). 

The first line is surjective for every T if and only if Ff is a left FT-approximation. As 
T is mod A;[r]-stable, (FT)[r] = fc[r](x)T 6 T and therefore the second line is surjective 
for every T if and only if / is a left T-approximation (because T is a direct summand 

of (Fr)[r]). 

(ii) If Ff is left minimal then / is clearly left minimal. Conversely, suppose that / is a 
minimal left T-approximation. Let / : FX ^ y be a minimal left FT-approximation 
of FX. Let /' = f[T] : (FX)[r] -^Y[T]. Then, one gets 

F/' = @g(x)/. 

For every g e F, g (x) / is a minimal left T-approximation because FT is F-stable, 
and, as a consequence, by using lemmas [2.361 and 12.351 Ff is also a minimal left FT- 
approximation. Then, /' is a minimal left T-approximation. By unicity of a minimal 
left T-approximation, and using lemmas [2.361 and 12.351 /' ~ f ®g where 5 is a minimal 
left T-approximation of @ggr \{e} S ®X. Finally, as Ff = Ff@Fg is left minimal, Ff 
is also left minimal by lemma 12.351 □ 

2.6. Action on an exact category. The action of F on C is now supposed to be exact. Hence, 
CT is exact. It is easy to see that the functor — [F] from C to CF is exact. 

Lemma 2.40. If X € C is injective (resp. projective), then X[T] is injective (resp. projective). 

Proof. Suppose that X is injective. Let X[r] ^ 1" ^ Z ^ be an admissible short exact 

sequence m CF. By definition, ^ F{X[T]) ^ FY FZ ^ is an admissible short exact 
sequence in C. Applying Homer (—, -'^[F]) and Homc(— ,-'^) gives the long exact sequences 

^ Romcr{Z,X[r]) ^ Homer (y, X[F]) ^ Homer (^[F], X[F]) ^ . . . 

Romc{FZ,X) Home(Ty,X) Romc{F{X[T]), X) Ext}. {FZ,X) = 0. 

The isomorphism of bifunctors Homer(— , — [F]) ~ Homc(T— ,— ) permits to conclude that 
Homer (/,X[F]) : Homer (y, ^ [F] ) Homer (^ [F], X[F]) is surjective. Therefore the admissi- 
ble short exact sequence ^ X[T] ^ Y ^ Z splits. Hence, -'^[F] is injective. The proof 
is similar for the projective case. □ 
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Corollary 2.41. If C has enough injective (resp. projective) objects, then CT has also enough 
injective (resp. projective) objects. Moreover, for X e CT, there exists an injective resolution 
I, (resp. a projective resolution P,) of X such that FI, (resp. FP,) is an injective resolution 
(resp. a projective resolution) of FX . 

Proof. Suppose that C has enough injective objects. Let X e CT. There exists an admissible 
short exact sequence FX I ^ Y ^ in C where / is injective. As the action of T is 
exact, it gives an admissible short exact sequence {FX)[T] I[T] Y[T] 0. Moreover, 
X is a direct summand of (FX)[r] and, as the composition of two admissible monomorphisms 
is an admissible monomorphism, one gets an admissible monomorphism X For the 

second part, it is enough to apply inductively the first part because I[T] and F(/[r]) are both 
injective in CT and C, respectively. □ 

One supposes now that C has enough injectives or enough projectives. 

Definition 2.42. For X e CT and n e N, Ext^p(X, — ) will denote the right derived functor of 
Homcr(-'^5 — ) if C has enough injective objects and Ext^p(— ,X) will denote the left derived 
functor of Homcr(— , X) if C has enough projective objects. If C has both enough injective and 
projective objects, the two definitions coincide as usual. 

Hence, one gets on CT a structure of mod /c[r]-exact category. All usual homological results 
remain true in this context. The following proposition links these properties with the usual 
/c-exact structure and summarizes some properties of Ext. 

Proposition 2.43. For every n 6 N, there are functorial isomorphisms (the ? are variables in 
modA:[r] and the — are variables in CT): 

(i) Exter(?i(x)-i,?2®-2) ^?i*(x)?2(x)Ext3r(-i,-2); 

(ii) Ext^r(?i ® -1, ?2 ® -2) ^ Hom^odfc[r](?i®?2%Ext^r(-i, -2)); 
(ill) FExt^p(-,-) ~ Ext^(F-,F-); 

(iv) Ext^r(?* ® -) - Ext^r(-> ? ® ")/ 

(v) Ext^r(?[r],-)-Exta(?,F-); 
(vi) Ext^r(-,?[r])-Ext^(F-,?) 

where F denotes the forgetful functors from CT to C and from modA:[r] to mod A;. Moreover, 
these isomorphisms commute with long exact sequences obtained from admissible short exact 
sequences in CT. 

Proof. These are easy consequences of lemma 12.411 together with proposition 12.171 and standard 
homological constructions. □ 

Corollary 2.44. If X e CT, X is injective (resp. projective) if and only if FX is injective 
(resp. projective). 

Proof. If X is injective, for every Y e C, 

Exte(r,FX) ^ Ext2r(y[r],X) = 

so that FX is injective. If FX is injective, for all Y e CT, as 1" is a direct summand of (Fy)[r], 

E^tMy,X) cz ExtM{FY)[T],X) ^ E^t^(FY,FX) = 

hence X is injective. The proof is the same for the projective case. □ 

Lemma 2.45. For every representation r e modA;[r], the functor r®— from CT to CT is exact. 

Proof. Let O^X^y^Z^Obean admissible short exact sequence of CT. By definition, 
FX FY FZ ^ is an admissible short exact sequence of C. As ^ F(r ® X) 
F{r ® y) ^ F(r ® Z) ^ is isomorphic to ^ (FX f''^'' (^FYf"^"- (FZ)'^™^ ^ 0, this 
is an admissible short exact sequence of C and therefore, by definition, 0^r®X^r®y^ 
r ® Z ^ is an admissible short exact sequence of CP. □ 

19 



2.7. Action on a Frobenius stably 2-Calabi-Yau category. As before, the group T is 
supposed to be finite, of cardinality non divisible by the characteristic of k and the /c-category C 
is exact, Horn-finite, Krull-Schmidt. Recall that C is called Frobenius if it has enough projectives 
and enough injectives and if the projective objects and the injective objects are the same. Recall 
that C is called (stably) 2-Calabi-Yau if there is a functorial isomorphism c : Ext^(— i, — 2) ^ 
Ext^(— 2, — 1)*. In the following, C will be supposed to be Frobenius and stably 2-Calabi- 
Yau. The category CT is Frobenius by corollary 12.441 One fixes an isomorphism of bifunctors 
c:ExtJ(-i,-2) ^Ext^(-2,-i)*. 

Definition 2.46. The action of F on C is said to be 2-Calabi-Yau (for c) if it is exact and for 
every 5 e F, the following diagram commutes: 

Ext^(-i,-2) ^Ext^(g(x)-i,g(x)-2) 



Exfi (-2, -1)* ExtJ(g ® -2, g (X) -1)* 

From now on, the action of F on C is assumed to be 2-Calabi-Yau (for c). 

Proposition 2.47. (i) The functorial isomorphism of vector spaces c is also a functorial 

isomorphism of k\r]-modules: 

Ext^r(-i,-2) ^Ext^r(-2,-i)* 

(recall that for any X,Y e CT, the underlying vector space of the mod A;[F] -moc/M/e 
Ext^r(X,y) is Ext},(FX,FY)). 
(a) The category CT is 2-Calabi-Yau. 

Proof. Recall that there is an isomorphism of functors from modfc[F] into itself: 

Homjnodfc[r](l, -) - Homi„odfc[r] (-,!)*• 
(i) The only thing to prove is that, for any (X,ip), {Y,x) £ CP, cx,y is in fact a morphism 
of representations of F from Ext^p((X, V), {Y,x)) to Ext^r((^>x), (^,^))*- For geV, 
it is enough to show that the following diagram commutes: 

Exfi (X, Y) — Exfi (Y, Xr 



((g®-)*)" 



Ext^(g (X) Y, g (X) Y) ^IL^iL^ Exfi (g ® Y, g ® Y)* 

Ext 1 (^- \xs) Ext 1 (xs ,^9- ' ) * = (Ext J; (Xs ' , V-s ) * ) " ' 

CXY 

Ext^(Y, Y) — ^ Ext^(Y, Y)* 

(the left side comes from the action of g on Ext^(Y, Y) and the right side comes from 
the inverse of the adjoint of the action of g); the upper square commutes because the 
action of F is 2-Calabi-Yau and the lower square commutes because the isomorphism c 
is functorial. 

(ii) Denote by c the isomorphism of functors of Let 

c = Homi^odfc[r](l,c). 
Then c is an isomorphism of functors 

Hom„iodfc[r](l,Extcr(-i, -2)) — > Hommodfc[r](l,Extcr(-2, -i)*)- 

The reciprocal isomorphism is 

c^^ = Homj^odfc[r](l,c"^). 
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Moreover, lemma [2.431 leads to 

Homniodfc[r](l,Extcr(-i, -2)) ^ Extcr(-i,-2) 

and 

Homj^odfc[r](l,Ext^r(-2,-i)*) - Homi^odfc[r](Ext^r(-2, -1), 1) 

- Hom^odfc[r](l,Ext^r(-2,-i))' 
^ExtJr(-2,-i)* 

which finishes the proof. 



□ 



2.8. Computation of {kQ)r and {Aq)T. The aim of this section is to summarize some prop- 
erties proved in |Deml| useful to compute equivariant categories for categories of modules. The 
assumptions on k and T are the same as before. If A is a fc-algebra and if F acts on A, the action 
being denoted exponentially, the skew group algebra of A under the action of T is by definition 
the fc-algebra whose underlying A;- vector space is k[T] 0^ A and whose multiplication is linearly 
generated by (g (x) a){g' (x) a') = gg' ® a^' a' for all g,g' sT and a,a' e A (see |RRj ). It will be 
denoted by AT. Identifying k[r] and A with subalgebras of AT, an alternative definition is 

AT = <A, k[T] I V(<7, a) 6 r X A, gag-^ = a^^.^^^ 

The following links skew group algebras with equivariant categories. 

Proposition 2.48. The action ofT on A induces an action ofT on mod A. Moreover, there is 
a canonical equivalence of categories between mod(Ar) and mod(A)r. 



Proof. If g e T and (V,r) e mod A, one denotes by g (x) {V,r) the representation (V,g®r) of 
A where, if a e A, (g ® r)a = r^-ia- If / e HommodA((^, {y',r')), one defines Idg®/ = /. 
Extending this definition by linearity on the whole category F, mod A is a F-module category. 
The structural isomorphisms are identities. 

Let {V, r, ip) e mod(A)r. For g sT and a e A, one defines 

Since for every g,g' sT and a, a' € A the diagram 




is commutative, one gets that '^g^a^g/gjQ/ 
AF. 



'(xia'V Therefore [V,r'^) is a representation of 



If / 6 Homniod(A)r((^, tp), {V, r', it is clear that 

/eHom,,,d(Ar)((V^,r^),(^',r'^')). 

Hence {V,r,ip) {V,r^) is a functor from mod(A)F to mod(AF). 

Let (y, r°) e mod(AF). If a 6 A, let = rjgj^ which gives that {V, r) 6 mod(A). If 5 6 F, let 



. For g eT and a 6 A, the following diagram commutes: 




Hence tpg is an isomorphism from g (x) {V,r) to {V,r). It is clear that {V,r,ip) e mod(A)r. 
If / 6 Hommod(Ar)((^,''°), {V',r'°)). one gets immediately 

/ 6 Hom^„d(A)r((^,r-,^), (^^','0'))- 
The two constructed functors are mutually inverse. □ 

Let now Q = (Qo, Qi) be a quiver. Consider an action of T on the path algebra kQ permuting 
the set of primitive idempotents {ei\i e Qq}. We now define a new quiver Qr- 

Let Qo be a set of representatives of the classes of Qq under the action of T. For i e Qq, let 
Fj denote the subgroup of F stabilizing ej, let io s Qo be the representative of the class of i and 
let Ki eT he such that Kiio = i. 

For e Qg, F acts on Oj x Oj where Oi and Oj are the orbits of i and j under the action 
of F. A set of representatives of the classes of this action will be denoted by Fij. 

For i,j e Qq, define Aij = Cj (rad(A;(5)/rad(A;Q)^) Cj where Ta.d{kQ) is the Jacobson radical 
of kQ. We regard Aij as a left fc[Fj n Fj]-module by restricting the action of F. 

The quiver Qr has vertex set 

Qr,o = U ^ ^'^'^(^^^ 

where irr(Fj) is a set of representatives of isomorphism classes of irreducible representations of 
Fj. The set of arrows of Qr from (i, p) to (j, a) is a basis of 

Homi^odfc[r^,^ry](('«i' ■ P)\v^,nT^, 

where the representation Kj/ • p of Fj/ is the same as p as a vector space, and (kj/ • p)g = P^-i^^., 
for 5 6 Fj/ = Kj/FjK^7^ 

Theorem 2.49 ( |Demll theorem 1]). There is an equivalence of categories 

mod k (Qr) — mod (kQ) F. 

Theorem 12.491 was also proved by Reiten and Riedtmann in [RRl §2] for cyclic groups. The 
following theorem deals with the case of preprojective algebras Aq. 

Theorem 2.50 ( [Demll theorem 2]). If T acts on kQ, where Q is the double quiver of Q, by 
permuting the primitive idempotents e-i, and if for all g e T , r^ = r where r is the preprojective 
relation of this quiver, then ((5)p is of the form Q for some quiver Q' and (Aq)F is Morita 
equivalent to Aq/. 

One can always extend an action on kQ to an action on kQ and this yields: 

Corollary 2.51 ( |Demll corollary 1]). An action of T on a path algebra kQ permuting the 
primitive idempotents induces naturally an action of T on kQ and (Q)p is isomorphic to the 
double quiver ofQr- Moreover, there is an equivalence of categories 

modAQp ~ modAgF. 

3. Categorification of skew-symmetrizable cluster algebras 

In this part, C is supposed to be exact, Probenius, Hom-finite, stably 2-Calabi-Yau and Krull- 
Schmidt. As before, F is a finite group whose cardinality is not divisible by the characteristic of 
k. The group F is supposed to act on C, the action being exact and 2-Calabi-Yau (see definition 
El6]). 

The results of this section generalize works by Gei£, Leclerc and Schroer (in particular [GLS3| 
and |GLS1| ) in the context of preprojective algebras, and works of Dehy, Fu, Keller, Palu and 
others in the context of exact categories (see |DK| . |FK| . [Pal] ). 
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3.1. Mutation of maximal T-stable rigid subcategories. 



Definition 3.1. A category T 6 2lc)c)(C) (resp. e 2t£)c)(Cr)) is said to be rigid if there are no 
non trivial extensions between its objects. If moreover every rigid category T' containing T is 
equal to T, then we say that T is maximal rigid. 

The following definition was introduced in |Iya2| : 

Definition 3.2. A category T 6 2lt)c)(C) (resp. 6 ^dd{CT)) is said to be duster-tilting or 
maximal 1-orthogonal if for any X € C (resp 6 CT), the following are equivalent: 

• Vy 6T,Ext^(X,y) = 0; 

• X sT. 

Clearly, any cluster-tilting category is maximal rigid. 

Definition 3.3. If T e 2t£)0(C)'" is rigid, T is said to be maximal T -stable rigid if for every rigid 
T' 6 md{Cf containing T, T' = T. Similarly, if T 6 2l0t)(Cr)'"°<^'=F] is rigid, T is said to be 
maximal mod A;[r]-sia6/e rigid if for every rig id T e 2lJ)c)(Cr)™°dfc[r] containing T, T = T. 

Remark 3.4. Being maximal F-stable (resp. mod A;[r]-stable) rigid is weaker than being maximal 
rigid and F-stable (resp. mod A;[r]-stable). For instance, the quiver 

a 
a* 

with relations aa* = a*a = 0, on which Z/2Z acts by exchanging the two vertices, has no 
maximal rigid object which is Z/2Z-stable. The only maximal F-stable rigid object is the direct 
sum of the projective ones. 

Proposition 3.5. The functors — [F] and F induce reciprocal bijections between: 

(i) %M{Cf and 2lc)c)(CF)°^°'i'=[n; 

(ii) the set of rigid T e md{Cf and the set of rigid T e md{CT)'^°'^^^^^ ; 

(Hi) the set of maximal T-stable rigid T e and the set of maximal mod k[r]- stable 

rigid r emd{CT)'""'^''i^'i; 
(iv) the set of cluster-tilting T e md{C f and the set of cluster-tilting T s 2li)0(CF)™°'i''[n. 

Moreover, all these bijections restrict to bijections between the corresponding finitely generated 
classes. 

Proof (i) If 2? 6 md{Cf, it is clear that P[F] e 2l()t)(CF)"^°<i'^[n. Similarly, if V e 
md{CT)'^'"^''P^\ it is easy to see that FV e md{Cf . Suppose now that X s F{V[T]). 
This means that X is a direct summand of -F(y[F]) for some Y e T>. But F(y[F]) 
is the direct sum of the g ® y for 5 6 F, hence F(y[F]) e V and finally, X s V. If 
X s T>, X is a direct summand of F(X[F]) so that X is in F(P[F]). One concludes 
that F{V[T]) = V. 

Suppose that X e F('D')[F]. It means that X is a direct summand of some -F(y)[F] ~ 
fc[F] ®y where Y eV and, as V is mod fc[F]-stable, F(y)[F] and X are in V. On the 
other hand, if X e V, as X is a direct summand of F(X)[F], X is in F{V')\r]. Finally 
F(!D')[F] = V . Therefore, F and — [F] induce reciprocal bijections. 
(ii) Suppose that T e %t)X)(C)^ is rigid. Let X e T[F]. By definition, there exists Y s T 
and X' 6 T[F] such that Y\r] ~ X @ X' . Thus, one gets 

ExtJr(^,^) c Extip(y[F],y[F]) ^ Ext^(y, F(y[F])) 
eExt^(F(y[F]),F(y[F]))=0 

because, as y 6 T and T is F-stable, F(y[F]) e T. As a consequence, X is rigid and 
therefore T\^^^ is rigid. 
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Suppose now that T e 2lt)c)(Cr)™°<^'=F] is rigid. Let X e FT. By definition, there 
exists Y sT and X' 6 FT such that FY = X ® X' . One gets 

Ext}.{X,X) cz E^th(FY,FY) ^ E^th^(Y, {FY)[T]) 

^E^thr{iFY)[T],{FY)[T])=0 

because, as y e T and T is mod A;[r]-stable, (FF)[r] ~ /c[r]®y € T. As a consequence, 
FT is rigid. 

(iii) This is clear because the two bijections are increasing (with respect to inclusion). 

(iv) Suppose that T s W)d{C)^ is cluster-tilting. Let X e CT such that for every Y e T[T], 
Ex.tl^(X,Y) = 0. In particular, for every Z e T, Ext},{FX,Z) ~ Ext}, {X, Z[T]) = 0. 
Therefore, as T is cluster-tilting, FX e T, iFX)[T] e T[r], and X e T[T] because X 
is a direct summand of (FX)[r]. Finally, as T[T] is rigid, T[T] is cluster-tilting. 

Suppose that T e 2lc)0(Cr)™°'^'=[^] is cluster-tilting. Let X 6 C be such that for 
every Y € FT, Ext}{X,Y) = 0. In particular, for all Z e T, Ext^r (X [T] , Z) ~ 
Extl{X, FZ) = 0. Therefore X[T] e T, F{X[T]) e FT and, X e FT as X is a direct 
summand of F(X[r]). Finally, as FT is rigid, FT is cluster-tilting. □ 

Lemma 3.6. Let T e 2lt)t)(Cr)™°'^'=[^] be rigid, and let X s CT he such that k\r]®X is rigid. 
If 

is an admissible short exact sequence and f is a left T -approximation, then the category 

add{T,k[r](g)Y) 

is rigid. 

Proof. If T' 6 T, applying Homcr(— ,^[r] (g) T') to the admissible short exact sequence yields 
the long exact sequence 

^ Homer (y, k[T] (x) T') ^ Homer (T, k[T] ® T') H°'"cr(/.fc[r](x)T')^ Homer (X, k[T] ® T') 

^ Ext^r(^> k[E] (8) T') ^ Ext^r(^. ® = 0. 

As / is a left T-approximation, Homer(/, ^[r] ® T') is surjective, and as a consequence, 
Ext^rC^'^F] <^T') = Ext^r(A;[r] ®Y,T') = 0. Moreover, as k[T] ® - is an exact functor, 

^ k[T]®x k[T] ®r fc[r] ®y ^ o is an admissible short exact sequence. There- 

fore, applying the functor Homer (X, — ) gives rise to the long exact sequence 

^ Homer (X, A; [F] ®X) ^ Homer (X,fe[r] ®r) Homcr(x,fc[r](8g)^ Homer (X, fe[F] ® 

^Ext^r(^>^[n®^) =0 

because A;[F] ® X is rigid. Furthermore, applying Homer(— , A;[r] ®Y) to the first admissible 
short exact sequence yields the long exact sequence 

^ Homer (y, k[r] ® ^ Homer (T, k[T] ® Y) H°mcr(/.fc[r]®r)^ Homer (X, k[T] ® Y) 

Ext^r(y, A;[F] 0Y) ^ Ext}r{T, k[r] 0Y) = 

Let now h 6 Homer (X, A; [F] ®y). By the previous argument, h factorizes through A;[r] ® (7. 
Let h' 6 Homer (X, A;[F] ® T) be such that h = {k[T] g)h' . As /c[F] ® T 6 T and / is a left 
T-approximation, there exists t € Homer(T, A;[F]®T) such that h' = tf. Hence, h = {k[r]0g)tf 
and Homer(/, k[T] ® Y) is surjective. Therefore, Ext^r(^' ^F] ® y) = and T k[T] ® y is 
rigid. Finally, add(T, A;[F] ® y) is rigid. □ 

Proposition 3.7. Let T e add{CT)^"^^^^^ rigid, and let X e CT be indecomposable such that 
X ^ T. Suppose that T contains all projective objects ofCT, and that add(T, /c[F] ® X) is rigid. 
Then, there exist two admissible short exact sequences which are unique up to isomorphism 

O^X^T^y^O and O^Y'^T'-^X^O 
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such that 

(i) f and f are minimal left T -approximations; 
(a) g and g' are minimal right T- approximations; 
(Hi) add(T, fc[r] ® y) and add{T , k[T] (S)Y') are rigid; 
(iv) Y $T andY' $ T; 

(v) Y and Y' are indecomposable; 

(vi) add(A;[r] ® X) n add(A:[r] (g)Y) = and add(A;[r] ®X)n add(A;[r] (x) y') = 0. 

Proof. By symmetry, it is enough to prove the results for the first admissible short exact sequence. 
Using lemma [2.38l a minimal left T-approximation of X is an admissible monomorphism, which 
implies the existence and the unicity of the admissible short exact sequence. Then ^ is satisfied 
by definition. As X ^ T, the admissible short exact sequence does not split. Hence, Y ^ 
add(T, /c[r] ® X) which is rigid. This proves Jivj) and Moreover, lemma IXBl shows that 

add(T, fc[r] ® y) is rigid. Hence, (Imll is proved. For T' € T, applying HomcriT' , —) to the 
admissible short exact sequence yields the long exact sequence 

^ Homcr(T', X) Homcr(T', Y) ""'"crr.g)^ Homcr(T', Z) 

^Extir(T',X) =0 

and, therefore, }iom.cr{T' , g) is surjective, which implies that g is & right T-approximation. 

Let To be a direct summand of T on which g vanishes. Let vr be a projection on Tq. As 
g-rr = and / is a kernel of g, there exists /' e Homcr(T, AT) such that ir = f f . Therefore, 
//'(Idr — vr) = and, as / is an admissible monomorphism, /'(Idr — vr) = 0. Thus (/'/)^ = 
/'vr/ = /'/. As every idempotent splits and X is indecomposable, /'/ = or /'/ = Idx- As 
the admissible short exact sequence does not split, /'/ = 0. Finally, vr = //' = (//')^ = so 
that To = and g is minimal. This proves (jnj). 

Suppose now that Y = YiQiYz. Let gi : Ti ^ Yi and g2 ■ T2 ^ Y2 be minimal right 
T-approximations. Then gi © 52 is a minimal right T-approximation using lemmas 12.351 and 
12.361 By unicity of minimal approximations, g ~ gi @ g2- Therefore, as g is an admissible 
epimorphism, gi and 52 are admissible epimorphisms. Hence they have kernels /i : Xi Ti 
and /2 : A'2 ^ T2 and by unicity of the kernel, / ^ /i ©/2- As a consequence, as X ~ Xi © ^2 
is indecomposable, Xi = or X2 = and as / is minimal, Ti = or T2 = 0. So, = or 
Y2 = 0. Finally, Y is indecomposable. This proves jvj). □ 

One now defines left and right mutations. Corollary 13.151 below claims that under some mild 
assumptions, these two notions coincide. 

Definition 3.8. Retaining the notation of proposition 13.71 one writes 

/i5f(add(T, A;[r] (x)X)) = add(T,A;[r] 0Y) ^^Y(add(T, A;[r] ®X)) = add(T, A;[r] 0Y'). 

The map fj.^^ is called the right X-mutation and /.{'y is called the left X -mutation. The ordered 
pair (X, y) (resp. (X,Y')) is called a right (resp. left) exchange pair associated with T. 

Remark 3.9. This is not ambiguous. Indeed, if T' e 2l0c)(Cr)™°'^''['^] and X 6 T' is indecom- 
posable then there exists a unique T 6 m)Vi{T'y"^^^^^ such that add(A;[r] ® X) n T = and 
T' = add(T, A;[r] (x)X): it is the full subcategory of T' consisting of objects which have no 
common factors with fc[r] ®X. 

Lemma 3.10. Let (X, y) he a left (resp. right) exchange pair. Then, 
(i) #X = #y and 1{X) = 1{Y); 

(a) if (X',y') is another left (resp. right) exchange pair and if X' 6 add(fc[r] (E)X), then 
Y' €add{k[T]®Y). 

Proof. Let O^X^T^y^Obean admissible short exact sequence corresponding 
to the exchange pair. Using lemmas 12.361 12.351 12.391 and the fact that the class of admissi- 
ble monomorphisms (resp. epimorphisms) is stable under direct summands, one proves that 
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FX FT FY ^ is a direct sum of admissible short exact sequences of the same form 
as in proposition 13. 7[ Thus, i{X) = i{Y). Moreover, it is clear that for two isomorphic indecom- 
posable direct summands of FX, the two corresponding indecomposable direct summands of FY 
are also isomorphic, and conversely. As a consequence, i^X = 4fY . Let Q ^ X' ^ T' ^ Y' ^ Q 
be an admissible short exact sequence corresponding to the exchange pair {X',Y'). li Xq is an 
indecomposable direct summand of FX, then, as add(fc[r]®X) = add(Xo[r]) = add(A:[r](x)X'), 
Xq is also an indecomposable direct summand of FX' . Hence, the admissible short exact se- 

quence ^ Xo ^ To ^ Yo ^ where / is a minimal left add(-Fr')-approximation appears 
both as a direct summand of ^ FX FT FY and as a direct summand of 
FX' FT' FY' 0. Finally FY and FY' have Yq as a common direct summand, 
which implies that Y' € add(lo[r]) = add(A;[r] (gy) because Y and Y' are indecomposable. □ 

Lemma 3.11. Let X,Y s CT be indecomposable, with i{X) = £(Y) and #X = #Y. The 
following are equivalent: 

(i) For every indecomposable object X' e add(fc[r] ®X), 

1 ifX'^X 



dimExt^r(X',y) 



else. 



(a) For every indecomposable object Y' 6 add(/c[r] ®Y), 

1 ifY' ^Y 
else. 



dimExt^r(^> Y') 



Proof. Let X (resp. Y) be the set of isomorphism classes of indecomposable direct summands 
of fc[r]®X (resp. k\r]®Y). Using lemma E^TJ 

(1) dimExt^(FX,Fy) = dimExt^r(fe[r] (8)X,y) = V ^^^^^^^ dimExt^p(X', y) 

(2) = dimExtir(X,fc[r] ®y) = J] dimExt^r(^, 
If holds, then ^ yields 

dimExt^(FX,Fy) = l{Xf/#X. 

As dimExtcr(-^,5^) = 1, the corresponding term in Q is equal to £(y)2/#l^ = iiXf/#X, 
and therefore all other terms vanish. The converse is proved similarly. □ 

Definition 3.12. With the notation of lemma 13.111 if the two equivalent assumptions are 
satisfied, X and Y are called neighbours. 

Lemma 3.13. If X,Y € CT are indecomposable objects satisfying i{X) = i{Y) and #X = i^Y , 
the following are equivalent: 

(i) For every indecomposable object Xq e add(FA'), there exists an indecomposable object 
Yq e add(-Fy) such that for every indecomposable Yq e add(Fy), 



dimExt^(A:o,yo') 



1 ^fY^^YQ 
else. 



(a) For every indecomposable object Yq e add(-Fy), there exists an indecomposable object 
Xq e add(FX) such that for every indecomposable X'q e add(FX), 

1 tfX'^^XQ 
else. 



dimExt^(X^,yo 



(Hi) dimExt^(FX,Fy) =i{Xf/#X. 
Moreover, if X and Y are neighbours then these three conditions are satisfied. 
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Proof. By symmetry, it is enough to prove that ^ and ([m]) are equivalent. Let Xq e add{FX). 
Let FX = Xi and FY = Yi where the Xi and the Yi are indecomposable in C. Let 

X be a set of representatives of isomorphism classes of indecomposable summands of FX and 
Y a set of representatives of isomorphism classes of indecomposable summands of FY. 

dimExti(FX,Fy) = j]j] dimExti(X„y,) = f^") J] J] dimExt^ (X^, yj) 
= ^ S dimExt^(Xo,yo') 

YiEY 

which yields the equivalence because the dimExtJ(Xo, Fg) are non-negative integers. 

The proof of lemma [3.101 implies that if X and Y are neighbours, then (lull) is satisfied. □ 

Proposition 3.14. Let X,Y e CT be neighboitrs such that k[T]®X and k[T] ®y are rigid. Let 

^ X ^ M -^Y ^0 

be a non-split admissible short exact sequence (which is unique up to isomorphism because X 
andY are neighbours). 

Then add(fc[r] ® (M©X)) and add(A;[r] ® (M ®Y)) are rigid and X,Y $ add(fc[r] (x) M). 

Moreover, if there is T s 2lc)D(Cr)"°<^*^F] such that add(T, A;[r] ®X) and add(T, fc[r] ®Y) 
are maximal mod k\r\-stable rigid, then f is a minimal left T -approximation and g is a minimal 
right T -approximation. 

Proof. In order to show that Ext^p(fc[r] ®M, fc[r] ® X) = 0, it is enough to show that 
Ext}.^{M,X') = for every indecomposable object X' e add(A;[r] (g)X). Let X' s add(A;[r]®X) 
be indecomposable. Applying Homcr(— > -'^O to the admissible short exact sequence yields the 
following long exact sequence: 

^ Homcr(y,X') ^ Homcr(M,X') Homcr(/.XO^ Homcr(X,X') 

^ Ext^r(^.^') Ext}.Tp{M,X') Ext^r(^.^') = 

If X' ^ X then dimExt^p(y, X') = 1. Thus, it is enough to prove that 6^0, which is equivalent 
to Homcr(/, -^') is not surjective. If it was surjective, there would exist g e B.omcr{M, X') such 
that gf is an isomorphim. As a consequence, [{gf)~^g]f = Idx and the admissible short exact 
sequence would split, which is not the case. 

If X' and X are not isomorphic, as X and Y are neighbours, Ext^p(y, X') = and the result 
is clear. Similarly, Ext^r(A;[r] ® M, k[r]®Y) = 0. 

In order to show that Ext^p(A;[r] ® Af, A;[r] ® M) = 0, it is enough to prove that 

Ext^r (A; [r] ®M,M) = 0. 

Applying the functor Homer (A; [F] ® M, — ) to the admissible short exact sequence induces the 
following long exact sequence: 

ExtJr(A;[r] ® M, X) = ^ Ext^r(A:[r] ® M, M) ^ Ext^r(A;[r] ® M, Y) =0 

which yields the result. 

If X was in add(A;[r] ®M), there would exist an indecomposable object X' e add(A;[r] ®X) 
such that X' e add(M). Let M = X' @ M' . If X' ~ X, then dimExt^r(^. ^) = 1 and 
Ext^P (y,M) = are contradictory. Suppose that X' and X are not isomorphic. Then there 
exists an indecomposable object Y' e add(A;[r] ® y) such that Ext^p(X',y') ^ and, by 
definition of neighbours, Y' and Y are not isomorphic. Applying the functor Homer — ) to 
the admissible short exact sequence yields the long exact sequence 

Ext^p(y', AT) = ^ Ext^r(^'> ^' © ^ Ext^p(y', y) = 
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the first equality coming from the fact that Y' and Y are not isomorphic and that X and Y are 
neighbours. As a consequence, the central term vanishes, which contradicts the hypothesis. 

Suppose now that T exists. For T e T, applying Homer (7", — ) yields the following long exact 
sequence 

Ext^p(T, X) = 0^ Ext^p(r, M) ^ Ext^p(r, y) = 

and therefore, Ext^p(T,M) = 0. Hence add{T , k[T] (g) (M ® X))) is mod A:[r]-stable rigid. As a 
consequence, as add(T, A;[r] ®X) is maximal mod A;[r]-stable rigid, M e add(T, A;[r] As 
add(/c[r] (E) X) n add(A;[r] ®M) = 0, one gets M e T. Applying Homcp(— ,r) gives rise to the 
following long exact sequence: 

Homer T) Homer (M, T) "°""gr(/.r)^ Homer T) 

^Ext^p(y,r) = 

and, as a consequence. Homer is surjective for every T e T, and the morphism / is a left 

T-approximation. If / were not minimal, there would exist a decomposition M ~ Mq © Mi 
with Mq ^ such that / = /o © /i where fi = ttmiI and /o = 0. Thus, /o and /i would be 
admissible monomorphisms. As Y is indecomposable, one of the cokernels of /o and /i vanishes. 
As coker /o = Mq ^ 0, coker /i = 0, and, as a consequence, the admissible short exact sequence 
splits which is a contradiction. In the same way, 5 is a minimal right T-approximation. □ 

Corollary 3.15. LetT 6 2lc)t)(Cr)'^°'^'=['^] and X 6 CT be an indecomposable object such that X ^ 
T and add(T, A;[r] ®X) is maximal mod A;[r]-stoWe rigid. Then, the following are equivalent: 
(i) There exists an indecomposable object Y s CT such that /x^(add(T, A;[r] (x) X)) = 

add(T, /c[r] ®Y) and X and Y are neighbours, 
(a) There exists an indecomposable object Y' e CT such that /x5(-(add(T, A;[r] ® X)) = 
add(T, /c[r] ® y) and X andY' are neighbours. 

In this case, Y ~ Y' and if one denotes 

fix(add{T,k[T]®X)) =^^,^(add(T,fc[r]®X)) =^5f(add(T,fc[r](x)X)), 

then 

fiY{f^x(add{r,k[T] = add(T,A;[r] ®X). 

Proof. If ([ij) is true, proposition 13.141 induces the admissible short exact sequence ^ X ^ 
T' ^ Y ^ satisfying the conditions of proposition 13.71 which proves ^ and the fact that 
Y ~ Y'. Hence /iy (/ix(add(T, A:[r] ® AT)) = ;U^(/x^(add(T, fc[r] ® AT)) = add(T, A;[r] ® A). By 
a similar argument, ([n]) implies (j!]). □ 

Definition 3.16. In the situation of the corollary, we write 

/ix(add(T,A;[r]® A)) = add(T, A;[r] ® y), 

and we say that {A, y} is an exchange pair associated with T. 

3.2. Rigid quasi-approximations. 

Definition 3.17. Let X e CT (resp. e C). An epimorphism / : A ^ y will be called a left 
rigid quasi- approximation of X if the following conditions are satisfied: 

• A;[r]®y (resp. ©g^rS®^) is rigid; 

• y has an injective envelope, without direct summand in 

add{k[T] ® A) ^resp. add g ® A^ j ; 

• If k[T] ® Z ( resp. @g^r S ® •^) is rigid, then every morphism from X to .Z, without 
invertible matrix coefficient, factorizes through /. 

Remark 3.18. The definition of a right rigid quasi-approximation is obtained from the previous 
one by reversing the arrows. All the following results can be adapted to this case. 
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Remark 3.19. As for the case of approximations, minimal quasi-approximations are unique up 
to (non unique) isomorphism. 

The following lemma gives an easy way to get quasi-approximations: 

Lemma 3.20. LetT) he an abelian category endowed with an action ofT. Let C be an exact full 
subcategory ofT). Let P be a projective indecomposable object ofC. If 

• every monomorphism of C to a projective object is admissible, 

• every monomorphism of C from P to an indecomposable object is admissible, 

• P has a simple socle S in T>, 

• 0ger is rigid in V, 

• the cokernel of S ^ P is in C, 

then this cokernel is a left rigid quasi- approximation of P in C. 
Proof. Consider the following short exact sequence in V: 

O^S^P^Q^O. 

Applying the functor Honix) ^©^er S, yields the following long exact sequence: 

O^Homp (0g(x)5,5 ) -^Romv l@g<8)S,p] ^ Homi, (0g(x)5,Q ) 
Vser / \ger J \ger J 

^Ext^ ^0g(x)5,5^ =0. 
As the socle of P is simple, 

dimfcHomp ^0g(g)5,pj = #{g 6 T | g ® 5 ^ 5} = dim^ Homi, ^0gg)5,5j 

and therefore Homx) ^©^gp S® S, = 0. 

Applying the functor Homx) ^— , ©^gp S ® yields the long exact sequence 

O^Homp (g,0g(x)Q I ^Homi, (p,0g®Q) ^ Hom© (5,0g®Q ) 
^Ext^, (^Q,@g®Q^ ^Ext^, |^P,0g®Qj =0 



and, as HomD \^S, ©^gr S ® Qj ~ 0, one gets 

Exfi, |^Q,0g®Q^ =0. 
Let now S' be the (not necessarily simple) socle of Q. As 

Hom^, ^0g®5,Qj =0, 

S' does not contain any direct summand isomorphic to some g ® 5. Hence, if one denotes 
a : S' ^ I the injective envelope of 5", / has no direct summand of the form g ® P. Moreover, 
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as / is injective, one can complete the following commutative diagram: 




S' 



Q 



Here, /? is an admissible monomorphism since I is injective. Hence, the second condition of the 
definition of a left quasi-approximation is proved. 

Let now Z e C he indecomposable and f : P ^ Z. Suppose that / is not a monomorphism. 
Let K ^ P he the kernel of / in D and let S' he the socle of K. By composing the two 
morphisms, one has a non vanishing morphism g : S' ^ P such that fg = 0. As the socle of P 
is simple, S' = S and finally, / vanishes on S and therefore factorizes through P ^ Q which is 
the cokernel oi S ^ P. If / is a monomorphism, by hypothesis, it is admissible in C so it splits 
and finally / = Idp as Z is indecomposable. The third condition is proved. □ 

Lemma 3.21. If every indecomposable projective object ofC has a left rigid quasi-approximation, 
then every indecomposable projective object of CT has a left rigid quasi-approximation. 

Proof. Let {P,ip) € CT he an indecomposable projective object. By lemma [2.441 P s C is 
projective. Let / : P -» X be the direct sum of the minimal left rigid quasi-approximations of 
its indecomposable direct summands. It is also a minimal left rigid quasi-approximation since 

addX = add ^0g®Xoj 

where Pq — » Xq is one of the minimal left rigid quasi-approximations of the indecomposable 
direct summands of P. Hence @g^r S®^ rigid. Therefore, for all g eT, there exists a unique 
morphism Xg which makes the following diagram commutative: 

g(8)P ^g®X 



Xg 

f 

p — - — ^X 

(The existence comes from the definition of a rigid quasi-approximation, the unicity comes 
from the fact that / is an epimorphism) . Clearly, {X,x) ^ CT. So it is easy to see that 
/ : {P, Jp) -» {X, x) is a left rigid quasi-approximation. □ 

3.3. Endomorphisms. All projective indecomposable objects of C will be supposed here to 
have left rigid quasi-approximations. All results remain valid if they are supposed to have right 
rigid quasi-approximations. 

Let r 6 ar)t)(Cr)™°'^'=[^] be maximal mod A;[r]-stable rigid. Let T 6 CT and f 6 FT he 
basic such that T = add(T) and FT = add(r) (one can find such T and T since T is finitely 
generated). Write E = Endcr{T) and E = Endc(r). If X e T is indecomposable, denote by 
Sx the corresponding simple representation of E, that is, the head of the projective £'-module 
Homc(X, T). Likewise, if X e FT is indecomposable, denote by Sx the corresponding simple 
representation of E. 

Definition 3.22. Let T> e 2lt)c)(Cr)™°<^''['^] and let X e V he indecomposable. A modk[T]-loop 
ofV at X is an irreducible morphism X ^ X' olV where X' 6 add(/c[r]®X) is indecomposable. 
A mod fc[r] -2- cyc/e of T> X is a couple of irreducible morphisms X and Y ^ X' oiV 
where X' 6 add(fe[r] ®X) is indecomposable. 

Definition 3.23. Let V 6 2lc)c)(C)'" and X sVhe indecomposable. A T-loop of V at X is an 
irreducible morphism X ^ g® X oi V where g s T . A T-2-cycle of T> at X is a couple of 
irreducible morphisms X ^Y and Y ^ g0 X of P where g sT. 
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Lemma 3.24. Let V e 2lc)9(Cr)™°'^'=F] . Let X e V be indecomposable and X' be a direct 
summand of FX. Then V has no mod A; [F] -/oops (resp. mod A; [F] -2- cyc/esj at X if and only if 
FT) has no T-loops (resp. T-2-cycles) at X' . 

Proof. The proof is the same for loops and 2-cycles. Hence, it will be done only for loops. Suppose 
that V has no mod /c[r]-loops at X. Let / e Endc(FX). Then f[T] s Endcr((i^^)[r]) ^ 
Endcr(fc[r] ®X). As V has no mod A;[r]-loops at X, f[T] factorizes through Y e T> such that 
add(y) n add(A;[r] X) =0. Hence F(f[T]) factorizes through FY. As add(A;[r] ® X) is 
modA;[r]-stable, add(Fy) n add(F(A;[r] ® X)) = 0. As / is a direct summand of F(f[T]), f 
factorizes also through FY and, as a consequence, FT> has no F-loops at X'. 

Conversely, suppose that FT) has no F-loops at X'. Let / e Endcr(-'^)- As Ff e Endc{FX), 
Ff factorizes through Y e V such that add(y) n add (|0ggr g (g) X') = 0. Thus, (F/)[F] 

factorizes through ^[F] and /, as a direct summand of (F/)[F], factorizes also through ^[F] 
and finally, as 

add g®X'^ = add F{X'[T]) = add FX, 

one gets add(y[F]) n add(X) = 0. Eventually, V has no mod /i;[F]-loops at X. □ 

Lemma 3.25. Let % s 2l0i)(T)™°'^*''[^] and let {X,Y) be a left (resp. right) exchange pair 
associated to Tq such that addCTo, A;[F] ®X) = T. The following are equivalent: 

(i) T has no mod A; [F] -/oops at X; 

(ii) For all indecomposable X' e add(A;[F] ® X), every non invertible morphism from X to 
X' factorizes through Tq. 

(Hi) X and Y are neighbours. 

Proof. For the proof, the exchange pair will be considered to be a left exchange pair. 
The equivalence of ^ and dH]) is clear. Let 

O^X^T'^Y^O 

be the admissible short exact sequence corresponding to the exchange pair (X,Y). Let X' e 
add(/c[F] ®X). Applying Homcr( — , X') leads to the long exact sequence: 

^ Homer (y,X') ^ Homer (T',X') Homer (X,A:') 

^ ExtJp(y,X') Extl^{T',X') = 0. 

As / is a left 7o-approximation, for any element of Homer (X,X'), factorizing through Tq is 
equivalent to being in the image of Homcr(/, AT'). There are two cases: 

• if X' ^ X then every non invertible morphism from X to X' factorizes through Tq if 
and only if Ext^r(^'^') - ^ 

because, as k is algebraically closed, Ender(Ar)/m ~ k 
where m is the maximal ideal of Ender(A); 

• if X' and X are not isomorphic then every morphism from X to X' factorizes through 
To if and only if Extl^{Y, X') = 0. 

Combining these two cases, the equivalence of ([n]) and ([m]) is proved. □ 
Proposition 3.26. Suppose thatT has no mod A: [F] -/oops. Then 



gl. d\m{E) = gl. dim(£') 



^2 ifTis projective 
= 3 else. 



Proof. The proof is the same for E and for E since T has no F-loops and since T is projective 
if and only if T is projective. Hence, it is enough to do it for E. Let X e T be indecomposable 
and Tq e r™°'^'=['^] be such that T = add{TQ, k[T] ® A) and X ^ Tq. Suppose that X is not 
projective. There exist two exchange admissible short exact sequences 

O^X^T'^Y^O and 0^y^r"^X^O 
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since, using the previous lemma, X and Y are neighbours and using corollary 13.151 one gets 
^y{i^x{T)) = Applying Homcr(— ,T) to these sequences yields the following long exact 
sequences: 

^ Homer (1", T) Homer (T', T) Homer (X, T) 
^ Extir(l^,T) ^ Extir(y,X') ^ ^^tl^{T' ,T) = 

where X' is the largest direct summand of T contained in add(/c[r] (x)X) and 

^ Homer T) Homer (T", T) Homer (1", T) Ext^r(^: T) = 

As T is basic and X' is mod /c[r]-stable, X' contains exactly one object of each isomorphism class 
of add(A;[r](x)X). As X and Y are neighbours, dimExt^r(y, X') = 1. Thus, ExtJr(y,X') ~ Sx 
as an i?-module. Therefore, combining these two long exact sequences yields the following long 
exact sequence of i?-modules: 

^ Homer T) Homer (T", T) Homer (T', T) Homer T)^Sx ^0 

which is a projective resolution of Sx- As a consequence, proj. dim(5'x) ^3. As X ^ add(T"), 
HoniE {Homer {T" ,T), Sx) = and therefore 

Ext3(5x,5x) ^ Homij (Homer (^,T),5x) 

has dimension 1. Finally, proj. dim(iS'x) = 3. 

Suppose now that X is projective. Show that proj. dim(S'x) ^ 2. Let vr : X -» y be a 
left rigid quasi-approximation. By definition, the injective envelope of Y does not intersect 
add(A:[r] (x)X) and, using lemma [^.381 there is an admissible short exact sequence 

where / is a left add(7o)-approximation. Using lemma ITGI and as X is projective, add(T, A;[r] ® 
Z) is mod A;[r]-stable rigid, and, since T is maximal mod A;[r]-stable rigid, Z e T. Applying 
Homer (—,7") to this admissible short exact sequence yields the long exact sequence 

^ Homer T) Homer (T', T) ^ Homer (y, T) Ext^r(Z, T) = 

Moreover, Homer(7r, T) : Homcr(y, 7") Homcr(-'^, is injective because vr is an epimor- 
phism, and its cokernel has dimension 1: this cokernel is Sx- One deduces the following long 
exact sequence: 

^ Homer ^ Homer (T',r) ^ Homer (AT, T) Sx ^ 

which is a projective resolution of Sx- D 

Recall this theorem of Happel: 

Theorem 3.27 ((HapJ section 1.4]). If A is a k-algebra and X is a tilting A-module, then mod A 
anc/ mod EndA(-'^)°'' are derived equivalent. 

The following proposition explains the relationship between any maximal mod A:[r]-stable 
rigid category T' and the initial one T. 

Proposition 3.28. Suppose that T e m^iCVy^'^^^'^ is maximal mod A;[r]-stoWe rigid. Then 
T is finitely generated. Let T' e T he basic such that T' = add(T'). Let E' = Endcr{T')- Let 
M = Homer {T' ,T). Then M is a tilting module on E and 

Endij(M) ~ ^'°P. 

In particular, there is a derived equivalence between E and E' and T and T' contain the same 
number of indecomposable objects up to isomorphism. 
The same holds for T' and E' . 
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Proof. Using lemma 12.381 one gets the admissible short exact sequence 

(3) O^T^^Tl-^T^O 

where g is a minimal right T'-approximation. Using lemma [3?6l 6 T'. Let T' e add(T') be 
basic such that T{,T2 s add(T') (in fact add(T') = T' will be proved later). 
By the same argument, there is an admissible short exact sequence 

(4) ^ T' ^ Ti ^ T2 ^ 

where / is a minimal left T-approximation and T2 6 T. Applying Homcr(— ,7") to dH) yields 
the following long exact sequence: 

(5) ^ Homer (T2, T) ^ Homer (Ti, T) ^ Homer (T', T) = M ^ Ext^r(^2, T) = 

and, as a consequence, proj. dim^ M ^ 1. Now, applying the functor Homer (r', — ) to ^ gives 
the following long exact sequence: 

^ Homer(T',r') ^ Homer (T',Ti) ^ Homer(T',r2) ^ Ext^rl^'^^') = 0. 

Applying the functor Hom£;(— ,M) to ([5]) induces the long exact sequence 

HomB(Homer(r',r),M) HomE(Homer (Ti, T), M) Homg (Homer (^2, T), M) 

^ Extlj (Homer (T', T),M) ^ Ext^j (Homer (Ti , T) , M) = 

the last equality coming from the fact that Homer(ri,T) is a projective £'-module. 
Let us show that the morphism of functors from T to mod£"°P 

$ : Homer(T', -) ^ Homij(Homer(-, T), Homer (T', T)) 

ip Homer ('/?,T) 

is an isomorphism. By additivity and since T = add(r), it is enough to look at ^t- Let 
ip e HouicriT' ,T). Then $j'((/7)(Idr) = Finally, $t is injective. Moreover, if ip' e 
HouiE {Corner (T,T), Homer (T' ,T)) then ^t{^' {Ut)) = (f' so that $t is surjective. 

By comparing the two previous long exact sequences, one gets the following isomorphisms of 
S'^P-modules. 

End£;(M) ~ Homi5(Homer(r',r),M) ~ Ender(T') = E'°p 

and 

Ext^(M,M) = Extlj(Homer(T',T),Af) = 0. 

Applying Homer (—,2^) to ([3]) yields the following long exact sequence: 

^ Homer (T,r) ^ Homer (ri',T) ^ Homer(T^,T) ^ Ext^r(r,r) = 0. 

Hence, M is a tilting i?-module. From theorem 13.271 one deduces that E and E' are derived 
equivalent and that T and add(T') contain the same number of isomorphism classes of indecom- 
posable objects. It is now obvious that add(r') = T' (if X e T'\add(T'), the proof can be done 
replacing T' by T' ®X and we would obtain that T, add(T'©X) and add(T') contain the same 
number of isomorphism classes of indecomposable objects. This would be a contradiction). □ 

Recall this theorem of Igusa: 

Theorem 3.29 ( |Igu[ 3.2, b]). Let A be a k-algebra of finite dimension and finite global dimen- 
sion. Let f be an automorphism of A such that there exists a family of primitive idempotents of 
A on which p> acts as a permutation. Then, the Gabriel quiver of A has no arrows between any 
two vertices of the same orbit of (p. 

Recall also the following theorem of lyama, in a particular case: 

Theorem 3.30 ( |Iyal[ 5.1 (3)]). Assume that T e 2103(C) is rigid and contains the projective- 
injective objects of C. Let T' e T' be basic such that T' = add(r'), E' = Ende(T'). Then 
gl. dim(i^') ^ 3 if and only iff' is cluster-tilting. 
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We shall also need the following proposition of Bongartz: 

Proposition 3.31 ( |Bonl p. 463]). Let Q be a quiver and I be an admissible ideal of kQ such 
that kQ/I is finite dimensional. Denote by J the Jacobson radical of kQ (that is the ideal of kQ 
generated by arrows). Let i,j e Qq. Then 

dimej(//(/J + JI))ei = dimExt^„d;-Q/^(5i, 5j) 

where Si and Sj are the simple representations of kQ supported on vertices i and j. 

Finally, recall a particular case of a theorem by Lenzing: 

Theorem 3.32 f fLenl satz 5]). If A is a k-algebra of finite dimension and finite global dimension, 
then every nilpotent element of A is in the additive subgroup [A, A] generated by commutators. 

We can now state and prove the main result of this section. 

Theorem 3.33. Suppose that there exists a category T e ai)()(Cr)™°'^'^[^] which is maximal 
mod k[T]- stable rigid without mod k[T]-loops. 

Let T' 6 ar)t)(Cr)™°'i'=[n be maximal mod A;[r]-staWe rigid, f' = FT'. Let T' e T' , f' e f' 
be basic such that T = add(r') and f' = add(f '). Let E' = Endcr(r') and E' = Endc(T')- 
Then: 

(i) T has no mod A; [F] -/oops; T' has no T -loops; 

3 if T' is not projective 



(u) gl. dhn{E') = gl. dim(^') I ^ I 'l^^^. 



(Hi) T and T' are cluster -tilting; 

(iv) for every simple E' -modules S and S' such that add{k[T] ® 5) = add(A:[r] ® 5'), one 
has Ext^/(5, 5') = Ext|;,(5', 5") = 0; for every simple E' -modules S and S' such that 
add (e^,r g (X) 5) = add (e^^r S ® 5') ; one has Extl {S, S') = Ext|, {S, S') = 0; 
(v) T' has no mod k\r]-2- cycles; T' has no T-2-cycles. 

Proof. (i) Using lemma [3.241 it is enough to prove that T' has no F-loops. For (7 e F, we 
show that T' has no (5')-loops. For that, we show that E' satisfies the hypothesis of 
theorem 13.291 Using proposition 13.281 E' is of finite global dimension since E is. From 
proposition [231 there exists X € C{g} such that FX ~ T'. It induces an action of {g} on 
E' ~ ilom.c(^gy{X, X). Using propositions l2.7l and l2.lll implies that FX can be split up 
into a direct summand of indecomposable objects such that {g} acts on it by permuting 
these objects. Then {g} acts on the family of primitive idempotents corresponding to 
these objects by permutation and therefore theorem 13.291 applies. 

(ii) This follows from (|i]) and proposition 13.261 

(iii) This follows from du]) and theorem 13.301 

(iv) As T' (resp. T') has no mod A:[F]-loops (resp. F-loops), 

Ext^E'iS, S') = (resp. Ext^~,{S, S') = 0). 

Concerning Ext^, if X e T' is not projective, Sx has the following projective resolution, 
given in proposition 13.261 

^ Homer (^, T) Homer (T", T) ^ Homer (T', T) ^ Homer (X, T)^Sx ^0. 

As add(r") n add(A;[F] 0X) =0, Hom^;/ (Homer (T", T), Sx') = and therefore 

Extl,{Sx,Sx') = 

for every indecomposable object X' e add(fc[F] ®X). 
If X is projective, the projective resolution is 

^ Homer (^, T) Homer(T', T) ^ Homer(^, T) ^ Sx ^ 0. 
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As add(A;[r](x)X) nadd(r') = 0, add(A;[r]®X) nadd(Z) = and by the same argument 
as before, Ext|;/(5x, Sx') = for any indecomposable object X' e add(/c[r] ® X). The 
same argument works for E' . 
(v) It is enough to show this for T', thanks to lemma [3?24l Suppose that T' has a mod A;[r]- 
2-cycle. As Endcr{T') ^ KorHj^^^ i^p^-^{t, Homer {T' ,T')), there exist two arrows a and 

b in the Gabriel quiver of T' such that ab is a r-2-cycle of T' and ab is a mod /c[r]-2-cycle 
of T' with a = Xiger^ ' ^ ^^'^ ^ ~ ^ger 9 ' ^- nilpotent, theorem 13.321 induces 

the following identity in E': 

n 

1=1 

where, for each i, ui = X!ger5 ' ^« ^^"^ ~ Sger 9 ' where Ui and Vi are paths of 
the Gabriel quiver of T'. One can suppose that ui = a and vi = b and, without loss of 
generality that ab and ba do not appear as terms of [Si, Vi\ for i ^ 2. 
If Ai ^ 1, 



is a non trivial identity in Endc(-FT') (that is, an identity which is false in the path 
algebra of the quiver). It contains ab with a non zero coefficient in the left hand side. 
If Ai = 1, as ab is a r-2-cycle, there exists h such that tia) = h ■ s{b) and 

n 

is a non trivial identity in EndciFT'). It contains {h ■ b)a with a non zero coefficient in 
the left hand side. 

In these two cases, one gets a non trivial relation, and as a consequence, using propo- 
sition [33n Ext^(5^^j>|, 5^(2)) # or Ext^(5s(a), 5*^^^.^-)) ^ which contradicts (jivl). □ 

Definition 3.34. Let X,Y e CT. We write X Y if add{k[T] X) = add{k[T] (S)Y) and X 
and Y are said to be equivalent modulo modfc[r]. 

The following theorem summarizes the results concerning mutation: 

Theorem 3.35. Suppose that there exists a category T e 2lc)D(Cr) maximal mod k[T]- stable 
rigid which has no mod fc[r]-/oop.s. Let T e 2lc)f)(Cr) he maximal m.odk\E\- stable rigid. Then 
T' is cluster-tilting (hence maximal rigid). 

Let X sT' be an indecomposable object ofCV, and 6 2lc)t)(Cr)™°'^'=[r] satisfying X ^ % 
and add(7^', A;[r] ®X) = T' . If X is projective, every Y 6 CV which is indecomposable such that 
add(7^', fc[r] ®Y) is maximal rigid is equivalent to X modulo modA;[r]. If X is not projective, 
there exists a unique Y e CT such that {X,Y} is an exchange pair associated with Tq. Moreover, 
in this case, X and Y are neighbours. 

If X' e T' is equivalent to X modulo modA:[r] and if {X,Y}, {X',Y'} are two exchange 
pairs associated with Tq, then Y and Y' are equivalent modulo mod A;[r]. If X and Y denote the 
equivalence classes of X andY modulo modA;[r], one will denote 

/x^(T') = add(To',A:[r]®y). 

Hence one has /i^l/^y ("^0) = 
Proof. This follows from proposition 13.71 lemmas 13.251 and 13.101 corollary 13.151 and theorem 
13.331 Note that if X is not projective, the existence and unicity of Y such that {X, Y) is a left 
exchange pair associated with Tq is clear by proposition 13.71 Using lemma 13.251 one deduces 
that X and Y are neighbours. Therefore, corollary 13.151 implies that {X, y} is an (unordered) 
exchange pair. □ 
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3.4. Exchange matrices. As in the previous section, indecomposable projective objects of C 
are supposed to have left rigid quasi-approximations. As before, all results remain valid if they 
have right rigid quasi-approximations. 

As before, T e ac)i)(Cr)™°'^'^['"] is maximal rigid mod A;[r]-stable (and finitely generated). 
One supposes moreover that T has no mod A;[r]-loops. Let T = FT. Thanks to the previous 
section, T and T are cluster-tilting. Let T e CT and T 6 C be basic such that T = add(r) and 
f = add(f ). 

One denotes by Q the Gabriel quiver of Endcr{T) and by Q the quiver of Endc(T). Denote 
by (5o/™od/c[r] the set of equivalence classes modulo modA;[r] as in definition 13.341 There is a 
canonical bijection between the sets Qq/ mod A;[r] and Qo/r. If X e Qo/T, X° e Qq/ modfc[r] 
will denote the image of X by this bijection. Denote by P c Qo and P <^ Qq the sets of vertices 
corresponding to projective objects. 

Definition 3.36. If X e (Qo\^)/r and Z e Qo/T, put 

#{q 6 Qi I siq) e Z, t{q) S X} - #{q 6 Qi | s{q) 6 X, t{q) S Z) 



Denote by B{T) the matrix having these entries. It will be called the exchange matrix of T . 
Remarks 3.37. • As T has no r-2-cycles, 

#[qsQi\s{q)sX,t{q)sZ}=f) or #{g e Qi | 6 Z, 6 X} = 0. 

• As T has no F-loops, i^xx ~ ^• 

• It is easy to see that 

fezx = #{9 e Ql I s{q) 6 Z, t{q) =X}- #{g 6 Qi I s{q) = X, t{q) e Z} 

for every X e X, hence B(T) has integer coefficients. 

• The exchange matrix is clearly skew-symmetrizable (right multiplication by the diagonal 
matrix {^X)Y^^Q^\^pyY^ gives a skew-symmetric matrix). 

Remark 3.38. The matrix of definition 13.361 coincides with the exchange matrix of [FK| and 
[GLS3]. 

Fix now the three following mutations and matrices: 

• ;U on Cr and B(T) are defined as before; 

• /i is the mutation on C ~ C{e} defined as before replacing F by the trivial group {e} 
and B(T) is the corresponding exchange matrix; 

• ^° is the mutation on CT ~ (CF){e} defined as before replacing C by CT and F by {e} 
and B°{T) is the corresponding exchange matrix. 

Remark 3.39. The definitions of ]1 and /x° coincide with those of |FK| and |GLS3j . 

Proposition 3.40. LetY e {Qo\P)/T and'Z e Qq/T. Then 

(i) Fhy{T) = j Y\ P-X' ) ('^) where the Jlx' commute. 
\x'eX I 



(a) For every X sX, b^x = XI 

ZeZ 

(in) fJ-'xiT) = Y\ /^x' C^) where the Hxf commute. 



yX'eX 



(iv) For every Z e Z° , b^x = ^ Yi ^'^^'^x- 
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Proof. (i) Let O^X^T^Y^Ohe the admissible short exact sequence of CT 
corresponding to the mutation fix in T. Then X and Y are neighbours and, as a 
consequence, one can write X = {Xi | i e [1, #-'^]]} and Y = {Yi | i e [1, in such a 

way that for every i,j s ll,i{X)} = [l,£(y)], dimExt^(Xj, = Sij by using lemma 
13.131 Thus, for i e ll,i{X)}, there exists a non split admissible short exact sequence 
^ Xi ^ Ti ^ Yi ^ in C. As T has no F-loops, none of the Xj and Yj is in add(Tj) 
and finally, the result is clear. 

(ii) This is an easy consequence of the definition. 

(iii) The proof is the same as for (jT]). 

(iv) Let X e X and % e md{CT)"'°'^^^^^ be such that add(X[r]) n FTq = and T = 
add(7o, X[r]). Let O^X^T^y^Obean admissible short exact sequence 
in C corresponding to the mutation ]lx- As T has no F-loops, T s add(F7o). As a 
consequence, lemma 1^.391 gives 

^ x[r] ^ T[r] ^ y[r] ^ o ^ @ [o ^ x' ^t^, ^y^, ^ q^^^')/*^' 

X'eX° 

where, for every X' s X , ^ X' ^ T^, ^ Y^, ^ is an admissible short exact 
sequence corresponding to fi'^, at T, and the exponents i(X')/^X' come from lemma 
12.311 Let now Z e Z° . By definition of B°(T), the number of copies of Z in the middle 
term of the right hand side is 

2 §S--(0,-^zx')=maxfo,- ^ ^^zx' 

the equality coming from the fact that all have the same sign, because T has no 
mod /c[r]- 2- cycles. 

Moreover, the number of copies of Z in the middle term of the left hand side is 
i{Z)/^Z times the number of copies of an element of Z in T, that is 

M 5]_max(0, -bz>x) = max [ 0, YJ^^x] = max (o, -^^) • 

Z'eZ \ Z'eZ J \ it J 

One deduces the identity: 



max 



and using the same argument for the admissible short exact sequence corresponding to 
the mutation from Y to X, one deduces that 



max 



These two equalities yield the result. □ 

Remark 3.41. The formula ((nj) was given in Dynkin cases by Dupont in |Dup2| (see also erratum 
|Dupl| ). On the other hand, (|iv]) is a generalization of the formula given by Yang in [Yanj for 
cluster algebras of finite type (for a cyclic group). 

Theorem 3.42. Let X eT he an indecomposable non projective object in CP. Then 

S(/xx(T))=/xyo(i?(T)) 

where X is the orbit of X in Qo/mod A:[r] and fx-^ the mutation of matrices defined by Fomin 
and Zelevinsky. 
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Proof. The result is known for B(T) and p. (the proof is similar as the one in [GLS31 §14] for 
example). Let X = {Xi,X2, ■ ■ ■ Xn}. For i e [1, n], denote by ^bzY the coefficients of the matrix 

B (jlxfix,_^---P-xA^)) ■ 

Then, by an easy induction, by using the fact that T has no T-loops nor r-2-cycles, one has 

• ^bzY = —bzY if Z = Xj or y = Xj where 1 ^ j ^ i; 

• *^zy = bzY if Z = Xj or 1" = Xj where i < j ^ n; 

. %Y = bzY + t '^^^- fe^+^^^-'l^^-'^' else. 

Denoting hy *b the coefficients of B [fixC^)), by using proposition 13.401 for Y s {Qo\P)/T 
and Z e Qo/T, for Y eY, 

"'bzY = X! i-'^ZY) = -bzY ifZ = XovY = X; 



ZY 



ZeZ 



ZeZ 



ZY 



bzY + 



\bzXi\bx,Y + bzXi\bxiY\ 



else. Then, using the 



ZeZ ZeZ 

fact that all bzx^ (resp. all bx^Y) are of the same sign (as T has no r-2-cycles). 



^ ^ \bzx,\bx,Y +bzx,\bx,Y\ 

ZeZO=^ ^ 



n 



Y^ZeZ^ZX, bx^Y + VZ^ZeZ^ZX^ l^^i^' 



\^\^X,Y +h2x\^X,Y\ 



hx\ {ULibx.Y) +bzx SLjx.y 



''zxrxY 



^^'zxlhcvl 



and the result is proved. □ 

3.5. Cluster characters. The ideas of this section generalize results of [FK| . 

We retain notation and hypothesis of previous sections. One supposes moreover that there 
exists T 6 W)d{C)^ maximal F-stable rigid without F-loops. Thus, T is cluster-tilting using 
theorem l3.35[ One denotes by Ti, T2, . . . , r„ the indecomposable objects of T up to isomorphism, 
the Ti for i 6 [r + 1, nj being the projective objects. The action of F on T induces an action on 
If i e [1,'^], i denotes its equivalence class modulo F. One denotes by / the set of these 
equivalence classes. Let T = Ti ©T2 © • • • ©r„ and E = Endc(T'). For i e [l, n]. Si denotes the 
simple -B-module corresponding to Tj (the head of Homc(Tj,r)). 

Thus, all hypothesis to apply results of |FK| hold. 

Notation 3.43 ([FK]). For L,N e modE, let 

<L, iV>^ = dimfc HomB(L, N) - dim/,. Ext^(L, N) ; 

3 

(L,N}3 = J](-l)MimfcExt*B(L,Ar). 

Remark 3.44. One keeps the notation (, )3 introduced in [FK| . but, here, as the global dimension 
of E is less than 3, this form is the Euler form (see also [FKl remark 2.4]). 

Notation 3.45. If L e modi?, dimL denotes its image in Kq{E), that is its dimension vector 
relatively to the Si. 
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Proposition 3.46 ( [FKl proposition 2.1]). If L,N e mod-E, then (L,A^)3 depends only on 
dimL and N. 

Notation 3.47. Using previous proposition, if L,N e modi?, one can set 

<dimL,Af>3 = <L,Ar>3. 
Define ir to be the following canonical projection: 

Definition 3.48. For X eC, define the Laurent polynomial Px of Q [^pjjgj by Px = 7r(X^) 
where X'j^ is the Laurent polynomial of Q [2;^^^]^^^^ defined by Fu and Keller in |FK| . In other 
words, 

(6) P^= ('nxf°-^(^'^)'^'>^') J] (x{GTe{E^ih{T,X)))Ylx;<^''A, 

where Gre(Ext^(T, X)) is the variety of £^-submodules B of Ext^(T, X) such that dimB = e 
and X is the Euler characteristic with respect to etale cohomology with proper support. 

Lemma 3.49. The Laurent polynomial Px depends only on the class of X modulo T. 

Proof. As T is F-invariant, for every (7 e F, 

Homc(r, g®X)= Homc(g ® T, g ® X) = g'^ ® Homc(T, X) 

where modi? is canonically endowed with the action of F induced by the action of F on C. As 
a consequence, 

(Romc{T,g0X),Si\ = (g-'®ilomc{T,X),Si\ = (Romc{T,X),g(g,Si\ 

which leads to the conclusion concerning the first factor of the right-hand side of ((6|). In the 
same way, one gets 

Gre(Ext^(T,g(x)X)) ^ Grg.e(Ext^(r,X)) 

and 

<e, 5'i>3 = <5 • e, g ® Si}s 
which yields the conclusion concerning the second factor of the right-hand side of ([6]). □ 

According to lemma [3.491 it makes sens to denote 

Px=Px 

where X is the class of X modulo F. 

Here is the analogous of theorem [FKl theorem 2.2]: 

Theorem 3.50. (i) For i e /, Pj^ = Xi. 

(it) IfX,YeC, P-^^y = P-^Py. 

(m) If X,Y s C and dimExt^(X,y) = I, and if one fixes two non split admissible short 
exact sequences 

0^ X ^ Z ^0 and O^Y^Z'^X^O 

then P-xPy = Pz + Pz' ■ 

Proof. This follows from [FKl theorem 2.2] by applying the ring morphism vr. □ 

Corollary 3.51. The Pj^ satisfy the mutation formulas of Fomin and Zelevinsky encoded by the 
exchange matrices B of deftnition UTM In other words, if % e 2tc)£)(CF)"^°^'=F] and X,Y e C 
are indecomposable objects such that 

• X,YiT^, 

• add(7^', X[F]) is maximal mod k[r]-stable rigid, 
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• /zy(r') = add(To',y[r]) where T = add{%;,X[T]), 

then 

(T) p^Pr' n n 

ieI\B{T')-,-<0 " iel \ B{T')-,->0 

Proof. There exists Xq e X[T] and Yq e Y[T] which are neighbours. Hence, one can suppose 
that Ext};{X,Y) = 1 up to replacing F by a different representative of its equivalence class 
modulo r. Let 

^ X ^ Z -^Y ^0 

be a non split admissible short exact sequence. In this case, / is a minimal left T^'-approximation 
and g' is a minimal right T^'-approximation using proposition 13.141 Hence, for i 6 the 
number of appearing in Z is 

#{qeQ[\s{q)=X,t{q)=Tl} 

where Q' is the Auslander-Reiten quiver of T'. Thus, for iel, the number of T/ with i e i 
which appear in Z is 

#{qeQ[\siq)=X,t(q)eT[} 
and, as T' has no F-loops, if this number is strictly positive, it is equal by definition to 
—B(T')tp'^, which permits to conclude. The second term of the right-hand side of ^ can 
be handled in the same way. □ 

Denote by A{C,T,T) the subalgebra of Q(xi)jgj generated by the P-^ where X goes over 
all F-orbits of objects of C such that is rigid. Denote by A{C,T) the subalgebra of 

Q(xj)jg|i „| generated by the X'j^ where X goes over the rigid objects of C. 

Denote by Ao{C,T,T) the subalgebra of Q(xi)jgj generated by the where X goes over 
the F-orbits of objects of C. Denote by Ao{C,T) the subalgebra of Q(xj)jg|i „]] generated by the 
Px where X goes over C. 

Corollary 3.52. There is a commutative diagram of inclusions 

A{B{T)f ^7^(a{B{T)) 



A{C,T,Tf -7r(^(C,T)) 



A(C,r,T)^^(A(C,T)). 

Proof. First of all, the inclusions A{B{T)) c A{C,T,T) and A{B{T)) c A{C,T) come from 
corollary 13.511 The bottom equality is clear using the definition of Pj^ in terms of X'^. The 
horizontal middle inclusion comes from the fact that for all P-j^ where @xeX ^ rigid, X e X 
is rigid and therefore P'^ 6 ^(C,T). The upper horizontal inclusion comes from the fact that 
if P-^ and Py are linked by a string of mutations in ^(C,F,T), then P'^ and Py are also in 
A{C.,T) according to proposition 13.401 □ 

Remark 3.53. In general, it seems to be a difficult problem to understand which of the inclusions 
in the previous diagram are isomorphisms. 

Let A (resp. A°, A) be the non-oriented version of the graph whose adjacency matrix is the 
upper square submatrix of i?(T) (resp. S°(T), B{T)). According to proposition 13.401 A and A 
are related by a classical folding process. On the other hand, A° and A are related by a folding 
process deformed by some positive integer coefficients (the nx = i{X)/^X). 

Lemma 3.54. The following are equivalent: 
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(i) A is a Dynkin diagram; 
(a) A° is a Dynkin diagram. 

Moreover, under these assumptions, A is also a Dynkin diagram. 

Proof. Every diagram can be supposed to be connected without loss of generality. The proof that 
^ implies (P and that A is a Dynkin diagram can be done by a finite number of computations 
(see table of page [451) . 

Let us now show that ^ implies ([n]). Suppose that A is a Dynkin diagram. Let us call 
critical point of A or A every vertex of valuation at least 3 or every non simple edge. As A is a 
Dynkin diagram, it has at most one critical point. If A has a cycle, then it induces in A a cycle 
or at least to critical points, hence A is a tree. Moreover, an orbit under F of critical points in 
A yields a critical point in A. Thus, there is at most such an orbit. Suppose that there is two 
distinct points A and B in this orbit. As A is a tree, there is a unique shortest path between 
these two points, which is "folded" by the element of T which sends A on B. Hence it is easy to 
see that the middle of this path gives rise to a loop or a second critical point in A, which is not 
possible. Finally, A has at most one critical point, which leads to the conclusion using a case 
by case proof. □ 

Proposition 3.55. The following are equivalent: 

(i) A{B(T)) has a finite number of cluster variables; 
(a) A{B[T)) has a finite number of cluster variables; 
(Hi) A{B°{T)) has a finite number of cluster variables; 

(iv) C has a finite number of isomorphism classes of rigid indecomposable objects. 

Proof. First of all, it is clear that ^ or ([m]) imply (jT]) using proposition 13.401 Now, if ^ is 
true, using the results of [FZ2| . B{T) is mutation-equivalent to a matrix, whose principal square 
submatrix encodes a Dynkin diagram. Up to changing T, one can suppose that the principal 
square submatrix of B{T) encodes a Dynkin diagram. By lemma [3.541 the principal square 
submatrices of B{T) and B°{T) encode Dynkin diagrams, which leads to ^ and ([m]) using 
again |FZ2j . It is clear that (jiv} implies the three others. If ([n)) is satisfied, the principal square 
submatrix of B{T)) can be supposed to encode a Dynkin diagram. As a consequence, using a 
theorem of Keller and Reiten |KRj . the stable category of C is equivalent to a cluster category, 
which yields Jiv}. □ 

3.6. Linear independence of cluster monomials. One retains the notation of section [331 
Again, this section generalizes results of [FK| . 

Definition 3.56. Two objects X, y of C are said to be congruent modulo F if there exists 
two decompositions into indecomposable direct summands X = Xi@ X2 © ■ ■ ■ © Xm and Y = 
^1 © ^2 © ■ ■ ■ © Ym such that for all i e [1, mj, Xj and Yi are equivalent modulo F (that is, if 
there exists g eT such that g ® ^ Yi). Equivalently, X and Y are congruent modulo F if 

If X € C, there exists an admissible short exact sequence 

where / is a minimal right T-approximation. Using lemma 13.61 and the maximality of T, one 
gets that Tj^ e T. Following [M] and [FK], write 

indr(X) = [TO] - [Ti] 6 Ko{T). 

Denote also by md'q-{X) the image of indr(X) in Kq(T)/T. 
The following lemma generalizes |DKl lemma 2.1]: 
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Lemma 3.57. If X is rigid and 



is the previous admissible short exact sequence, then the orbit ofh under the action o/Autc(T^) x 
Autc(r|) is a dense open subset 0/ Homc(T^, T^-). 

Proof. Let h' : T|- be a morphism. Applying Homc(— ,X) to the admissible short exact 

sequence leads to the following long exact sequence: 

^ Homc(X,X) Homc(T|,X) Homc(T|,X) Ext}.{X,X) = 

which shows that there exists a : T\ X such that ah = fh'. Moreover, as / is a right 
T-approximation, there exists /? : T|- such that a = f (3. Hence /(/3/i — h') =0 and 

therefore, as /i is a kernel of /, there exists T : T\ T\ such that I3h — h' = hT. In other 
words, h' is in the image of 

Endc(Ti) X Endc(r|) ^ Romc{Tj,,T^) 
(r, 13) ^Ph- hV 

which is the differential of the application 

Autc(Ti) X Autc(T2) ^ Homc(Ti,rl) 
(91,92) ^ g2hgi^. 

Here, we use the two identifications 

Lie(Autc(ri) X Autc(r2 )) ^ Endc(Ti) x Endc(r2 ) 

and 

Lie(Homc(ri, T|)) ^ Homc(Ti,rl). 
Hence, one gets the conclusion. □ 

The following lemma is inspired from |DKl lemma 2.2]: 

Lemma 3.58. If X is rigid and 

is the admissible short exact sequence defined as before, then and T|- have no common direct 
summand. 

Proof. Suppose that ~ r°©rj^ and T|- ~ r°©r|. with r° # 0. Using previous lemma, the 
orbit of h under the action of Autc(r^) x Autc(T|-) is a dense open subset of Home (T|- , r|- ) . 
As a consequence, up to the action of Autc(T^) x Autc(?x), ^ '^^'^ ^le supposed to be of the 
form 

'/ill hi2 
/121 /122 

where hn is an automorphism of T". Then, using the action of 



h can be decomposed as a direct sum and therefore / is not minimal. □ 

The following lemma is inspired from |FKl lemma 3.2] and |DKl theorem 2.3]: 

Lemma 3.59. If X e C is rigid, then the congruence class of X modulo T is determined by 
ind^^(X). In other words, if Y e C is rigid and if md'q-{Y) = ind^(X), then X and Y are 
congruent modulo T. 

42 



Proof. Let 



^ r| ^ r| ^ X ^ and ^ T^^ ^ A y ^ 



be the admissible short exact sequences which define ind7-(X) and indr(i^). 

Using lemma [3381 T\ and r|- on one hand and Ty and Ty on the other hand have no 
common indecomposable summand. As a consequence, indr(-'^) and indr(5^) fully determine 
them and ind^(X) = ind^7-(y) determine their congruence classes modulo F. Summing up, 

©g®7i^@g®r^ and ©g®Tl^0g®rf 

geV geT geT geV 

If one denotes = and = TJ-, one gets the two following admissible short exact 
sequences: 

O^0g(8)Tii0g®T2^0g(x)X^O 
ger ger ger 

and 

o^@g®Ti ^0g®r2^0g(x)y ^0. 

ger ger ger 

As ©ger g ® and @ggr g ® ^ are rigid, using lemma [3.571 h and h' are in the same orbit 
under the action of Autc(T^) x Autc(T^) and, as a consequence, 

0g®A:^0g®y 

ger ger 

which implies that X and Y are congruent modulo T. □ 
Let us now adapt |FKl corollary 4.4]: 

Proposition 3.60. If the rank of B{T) is full, then 

(i) X Py induces an injection from the set of indecomposable classes ofC modulo T such 
that @xeX rigid. 

(a) Suppose that E a 2l0c)(C)^ is a finite multiset of maximal rigid T-stable categories, and 
fix for every T' e E, an object Xq-i e T'. // the Xq-i are not congruent modulo T 
pairwise, then the Px.^, o.re linearly independent. 

Proof. The first point is a direct consequence of the second. Suppose that for some cr' e Q, 

r'eE 

Using the proof of |FKl corollary 4.4], one deduces the relation 

r'eE i=l 

where [iiidTiXq-i) : [T^]] is the coefficient of [Tj] in the decomposition of indr(^r') in the basis 
{K]}ie[i,nl- Hence 

r'eE ig7 

where [Tj] is the orbit of [Tj] in Kq{T)/T. Using previous lemma, the ^({'^-{Xii) are distinct. 
Hence, every cq-' vanishes. □ 

Corollary 3.61. If B{T) is of full rank then the P-j^, where X runs over the equivalence classes 
of C modulo F such that 

XeX 

is rigid, are linearly independent over Q. The cluster monomials with coefficients are linearly 
independent over Q. Equivalently, the cluster monomials without coefficients are linearly inde- 
pendent over the ground ring. 
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Proof. The second part is an immediate consequence of the first one because the cluster mono- 
mials come from such X through the inclusion A{B(T)) cz A{C,T,T). The first point is a clear 
consequence of proposition 13.601 □ 

Remark 3.62. Of course, in proposition 13.601 and corollary 13.611 one can replace the assumption 
that B(T) has maximal rank by the stronger hypothesis that B{T) has maximal rank. 

4. Applications 

4.1. Reminder about root systems and enveloping algebras. For more details about this 
section, see for example |Hubll §1.4]. Let C be a symmetrizable generalized Cartan matrix with 
rows indexed by Aq and let A be the bi-valued unoriented graph with vertex-set Aq such that 
if i,j 6 Aq, there is an edge between i and j if Cij < and its valuation is {—Cij, —Cji). Let T 
be a group acting on A in such a way that A has no edge between any two vertices of the same 
F-orbit (the action will be said to be admissible). 

Definition 4.1. One will denote by A the unoriented graph with vertex-set Aq/F and Cartan 
matrix defined by 

(i,i)eixj 

Lemma 4.2. Every symmetrizable Cartan matrix can be obtained by this method from a sym- 
metric Cartan matrix and a cyclic group. 

Proof. Suppose that C is a symmetrizable matrix of order n. Let (c^Oteli.nl be the positive 
integer entries of a diagonal matrix D such that DC' is symmetric. For i e [[l,n] put rii = 
Uj^idj- Let 

/ = (J {i} X Z/riiZ. 

ie[l,nl 

One denotes by a the automorphism of / defined by (i, j) + 1). For (i, j) and in / 

define 

{diC., d-/C'.f. .„ I . ., 

37^ = H7^ ifn,An,|j-J 
else. 

It is easy to check that the group generated by a acts on the diagram associated to the Cartan 
matrix C". Moreover, it is an easy computation to check that the symmetric Cartan matrix 
obtained from C" and a is C". □ 

Remark 4.3. An other proof of lemma [12] is given in |Lus2l proposition 14.1.2]. 

Let Q and g be the Kac-Moody Lie algebras associated to C and C. One denotes by (ej)jg(3(, 
and {fi)ieQo (resp. (ei)ieQQ/r and (/i)ieQo/r) the Chevalley generators of g (resp. g). One sets 
hi = [ei,fi] and hi = [ei,fi]. Let n (resp. n_) be the nilpotent subalgebra (resp. opposite 
nilpotent subalgebra) of g generated by the {ei)i^Qg/r (resp. by the (/i)ieQo/r)- Let b (resp. b_) 
be the Borel subalgebra (resp. opposite Borel subalgebra) of g generated by the (/ii)i£Qo/r and 
n (resp. n_). Let n (resp. n_) be the nilpotent subalgebra (resp. opposite nilpotent subalgebra) 
of g generated by the (ej)jgQo (resp. by the {fi)ieQo- Let b (resp. b_) be the Borel subalgebra 
(resp. opposite Borel subalgebra) of g generated by the (hi)i^Q^ and n (resp. n_). 

As F acts on A, it acts also on g by extending its action on the Chevalley generators. 

Proposition 4.4 ( [Hub 11 theorem 7.1.5]). There is a monomorphism of Lie algebras g ^ g'" 

ei 1-^ ^ ej /i 1-^ ^ hii-^^hi 
iei iei iei 

which can be restricted to a monomorphism n ^ n'". IfC, or equivalently C, is of Dynkin type, 
this monomorphism is an isomorphism. 
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Corollary 4.5. There is an epimorphism 

K : U{xi)lJT ^ U{xx)l 

where the quotient by T has to be understood as the quotient by the ideal generated by the elements 
of the form {gf — f) for g e T and f e [/(n)|j.- Here, U{xi)'^^ and f/(n)|j. denote graded dual 
spaces. If C is of Dynkin type, k is an isomorphim. 

Proof. It is a clear translation of proposition 14.41 □ 

Lemma 4.6 ( |Hub2l proposition 4]). Let R be a root system of type A. Let V be the lattice 
generated by R. Then the linear map 

a:V 

maps R to a root system of type A. 

4.2. Sub Ij and partial flag varieties. This application generalizes [GLS6| . Let Q be a quiver 
such that the underlying unoriented graph A is a Dynkin diagram of type A, D or E. Let T be 
a group acting on Q in such a way that Q has no arrow between any two vertices of the same 
orbit (the action will be said to be admissible). It induces an action on A. We denote by Qr 
the same quiver as in section 12.81 and by Ap the underlying unoriented graph. We denote by A 
the diagram defined in section 14.11 

Here is the list of all possible cases, where F acts faithfully on a Dynkin diagram A. 



A 


r 


A 


Ar 


1 2 — ■ ■ ■ n - 1 






"+ 


n 


Z/2Z 




1 — 2 — ■■■ — ii-l 


1' — 2' — ■ ■ ■ — (n - 1)' 




1 — 2 — ■ • ■ — 11 1 ri 




n 






1+ — 2+ + 


1 — 2 — •■■ — n-1 


Z/2Z 






n' 




1 — 2 — ■■■ — n-1 n 


n 

1_ — 2_ — ■ • ■ — (n - 1)_ 


1 

\ 
1' — 2 

/ 


Z/3Z 


1^^2 


2i 


1" 






2 2,x 
e 3 








2 + 


1 






/ 


\ 
1' — 2 

/ 


S3 


1^^2 


\ 

22 


1" 






/ 

1_ 

\ 

2_ 


1 






4+ 

/ 


\ 

2 

\ 






3 + 


3 — 4 

/ 

2' 

/ 

1' 


Z/2Z 


1 — 2 3 — 4 


/ 

1 — 2 

\ 

3_ 

\ 

4_ 
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Remark 4.7. Observe that all non simply-laced Dynkin diagrams can be realized for appropriate 
A and T. 

One retains the notation of section 14.11 Let and N be the Lie groups associated with n 
and n. 

Notation 4.8. If i 6 Qo, Xi denotes the one-parameter subgroup of defined by 

Xi{t) = exp(tei). 

Let X s mod Aq and (i) = iii2 ... in be a word on Qq. One will denote by ^x,{i) (closed) 
subvariety of 

Gro(X) X Gri(X) X . . . X Gr„_2(X) x Gr„_i(X) 
consisting of the (Xq, Xi, . . . , Xn-2-, Xn-i) such that 
• for all j e [1, n - Ij, Xj_i c Xj] 
. for all j 6 [l,n - 11, ^ 5^^.; 

The following result is obtained by duality from the Lagrangian construction of U{n) by 
Lusztig |Lusl| . |Lus4j . 

Theorem 4.9 ([GLS31 §9]). For all X e modAg, th ere exists a unique ipx £ C[A^] such that 
for every word (i) on Qq, and every t 6 C" (where n is the length of (i)), 

(Px{Xi^{h)Xi2{t2)---Xi„(tn)) = ^i'^X,(ir)^- 

aeN" 

Here, (i)^ = ii . . . ii 12 ■ ■ ■ 12 ■ ■ ■ in ■ ■ ■ in, = t"^i2^ • • • '^^^ ^' = ai!a2! • • • On'- 

ai a2 an 

Using the duahties C[N] ~ U{n)^ and C[N] ~ U{n)^, we can lift the action of T on U{n)*j. 
to an action of F on C[A^]. Therefore the isomorphism k, defined in corollary 14.51 can be lifted 
to an isomorphism k : C[N]/T ~ C[A^] where the quotient by T is the quotient by the ideal 
generated by the elements of the form (gf — /) for g e F and / 6 C[iV]. 

Notation 4.10. For X e modAg, let ^px = K{Tr{ipx)) where vr : C[jV] C[N]/T is the 
canonical projection. 

The action of F on Q induces an action of F on kQ, then on Aq, then on mod Aq (see section 
12. 8j) . Following the proof of [GLS51 theorem 3, §8], it is easy to see that the following diagram 
commutes: 

Exti^(-i,-2) ?^Exti^(g®-i,g(x)-2) 

c c 

Exti^^ (-2, -1)* Exti^(g (X) -2, g (X) -1)* 

where c is the functorial isomorphism from Extl ( — 1, —2) to Extl (— 2) — i)*- In other terms, 
the action of F on mod Aq is 2-Calabi-Yau in the sense of definition 12.461 

Lemma 4.11. For X e mod Aq and g eT, 

V'g®x = ipx- 

Proof. One has 

^S®x{XiAh)Xi2{t2) ■ ■ ■ Xi„{tn)) = X (^g®X,(0«) 

a£N" 

/ X ^a 

aeN" 

= ^x(Xg-i.i, {h)Xg-i.i2it2) ■ ■ ■ Xg-i.ijtn)) 
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which imphes the result. □ 
Notation 4.12. One will denote 

where X is the F-orbit of X. 

Theorem 4.13 f |GLS2[ lemma 7.3] and |GLS3[ theorem 9.2]). (i) IfX,Ys modAQ then 

(a) If X,Y e mod An and dimExtl (X, y) = 1, and if one considers two non-split short 
exact sequences 

^ X ^ Z ^0 and O^Y^Z'^X^O 

then (fx^Y = + ^z'- 

Corollary 4.14. (i) IfX,Ye modAg, 

(a) If X,Y e modAg and dimExtj^^^ (X, y) = 1, and if one considers two non-split short 
exact sequences 

^ X ^ Z ^Y ^0 and O^Y^Z'^X^O 
then t/^ipy ~ + • 

Proof. This follows immediately from the fact that is the image of ipx under a ring homo- 
morphism. □ 

Let now J c Qo be non-empty, F-stable and K = Qo\J. 

Definition 4.15. For j 6 Qo, one denotes by Ij the injective Ag-module of socle Sj. Put 

and denote by Sub/j the full subcategory of modAg whose objects are isomorphic to submodules 
of if"" for some n 6 N. 

Proposition 4.16 ( [GLS61 §3]). The category Sub/j is an exact, Horn-finite, Krull- Schmidt, 
Frobenius, and 2-Calabi-Yau subcategory o/ modAg. 

Lemma 4.17. All projective objects o/Sub/j have right rigid quasi- approximations. 
Proof. First of all, for every simple Ag-module 5, 

is rigid because the action of F on Q is admissible. Moreover, the injective objects Li of Sub/j 
constructed explicitly in [GLS61 §3.3] have simple heads. It is now clear that lemma [3.201 can be 
applied. □ 

Notation 4.18. If i e Qo, one denotes by E] the functor from modAg to itself that maps a 
module to its quotient by the largest possible power of Si. 

Proposition 4.19 ( |GLS6l proposition 5.1]). The Sj satisfy the following relations 
(^) Sjsj = £}; 

(ii) £}£] = £]£} if there is no edge between i and j in A; 
(ttt) £}£]£} = £]£}£] if there is an edge between i and j m A. 
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Notation 4.20. If i 6 Qo/T, one denotes 

which is well-defined because the factors S} in the product commute. This functor maps the 
F-stable objects of modAg to F-stable objects. 

Denote 1\k (resp. Ax) the restriction of the diagram A to (resp. of the diagram A to 
K/T). Denote by W, W, Wk and Wk the Weyl groups of A, A, Ax and A^. 

One denotes by ((Tj)jgQg (resp. i(Ti)ieQQ/r) the generators of W (resp. W). One gets an 
injective morphism 

W 



iei 



which restricts to a morphism from Wk to Wk- 

Proposition 4.21. Let (i) be a reduced expression of the longest element of W and i be its 
length. Assume that (i) has a left factor which is a reduced expression of the longest element of 
Wk. Then 

m=l \ieim ) isQo 

has a direct summand T(i).K which is maximal rigid and T -stable in Sub/j. 

Proof. The only thing to add to [GLS61 proposition 7.3] is that T^;-) ^ is F-stable. It is clear by 
definition of the functors ^j. □ 

Example 4.22. Suppose here that A = ^5 is indexed in the following way: 



on which T = Z/2'Z acts in the only non-trivial possible way. Hence A = C3 indexed in the 
following way: 

a b < c 

Let J/T = {c}. Then (i) = {a,b,a,c,b,a,c,b,c) is suitable. Then, it is easy to compute T^j) and 
therefore ^ (see figure [1]). 

Fix now T = T^i).K as in proposition 14.211 Let T = add(r). 

Lemma 4.23. The category T has no T-loops nor T-2-cycles. 

Proof. By [GLS6| . T is cluster-tilting and Endsub/j(7') is of finite global dimension. The result 
follows by theorem 13.331 □ 

Hence, we can apply the results of section 13.51 We retain the notation of section 13.51 

Example 4.24. Continue with example 14.221 The Auslander-Reiten quiver of T is displayed 
in figure [21 The action of F corresponds to the reflection in the middle horizontal r-orbit. The 
projective-injective objects are the five rightmost ones. Indexing the lines of the exchange matrix 
by the F-orbits of 

6' /\ 

c a' / \ b b' 

/ \ b' X c q'/\/X 

b b' , X ■, " , b' , / \ X , ° = a' 

\ ^ c ^ ^ y \ / \ X 

c \ X b b' 

\ X 
c 
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(i) 



® 

b' b 



a' b b' 

^ XX /X 

e X / X e /\ x" © 

b b' b b' 

XX XX 



b e © 

X X 



X X 6 h' 

b 6' © X © X © " ® 

\ X c c 



XXX 

© © 

X \ X X 

X \ X 

c' b' 



c 6' 

/X /X 

b b' c a' 

/ \ X X / \ X 

' c a' © 6 6' © 

\/\X XXX / 

XX XX X 

c 6 a 



b 6' 
XX X X a a' c 

ac Ca'X X/X 

^(i) = X X X © X \ X © b © fc' © h 6' © 

b b' b b' X X XX 



X 



X X 



X X 

b b' 

b b' / \ X X 

X © X © " © 

c c \ / \ X 

6 6' 

X X 



Figure 1. Explicit computation of Tj-j) and 

in this order, one gets 



B{T) = 



/o 


-1 


l\ 


2 





-2 


-1 


1 








-1 





-2 


1 













For X e modAg and i 6 Qo/r, let /ci(X) be the total dimension of the maximal submodule 
of X supported by i. Let TZ be the set of isomorphism classes of Ag-modules X such that 

is rigid. If d e N'^o/^, TZd is the set of elements of TZ of dimension vector (summed on F-orbits) 
d and if A; e N, 7^d,i,fc = {X 6 TZd \ ki(X) = k}. One will denote by ~ the equivalence relation 
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on TZ identifying X and Y if 

0g(x)X^0g(x)y. 

Lemma 4.25. With the previous notation, induces an injection from "/^d,!,/;/ ~ to 7?.d-fci,i,o/ ~- 

Proof. First of all, the map is clearly defined. Let now X,Y e 7^d,i,fc such that ^t(X) ~ 
Define X = @g^Y S®^ ^i^d ^ = ®3er S®^- These two rigid modules have the same dimension 
vector. Moreover, at each vertex of i, they have the same socle. Finally ~ ^|(y). Using 

[Lusll lemma 12.5 (e)] together with the result stating that the orbit of a rigid module is a dense 
open subset of its irreducible component in the module variety |GLS3l corollary 3.15], it implies 
that X ~ y. Hence X ~ y which is the claimed result. □ 

For X e modAg, denotes by the element of U{n)* corresponding to iI^y- If / ^ ^i^)-, 
i 6 Qo/r and n 6 N, one gets 

£T(/er) = S [{y e Gin{X) \ dimY = i" and e^{f) = fc}) 
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where dim Y denotes the dimension vector (summed on T-orbits) of Y and x denotes the Euler 
characteristic (it follows for example from [GLS21 §5.2]). 



Proposition 4.26. (i) For all X e TZ, there exists e U{n) homogeneous of degree d 
such that for every Y e TZ, 

' 1 ifX-^Y; 
else. 

ence classes of indecomposable objects of T , are 



'Y\JX 



(a) The "i/^, where X runs over the 

algebraically independent. 
(Hi) Cluster monomials of C[N] are linearly independent. 

Remark 4.27. The following proof is an adaptation of the proof of existence of the semicanonical 
basis by Lusztig [Lus4| . We suggested a proof in [Dem2| which was very close to this one, with 
a dual description of the cluster character. Unfortunately, we are not able to construct in this 
way an analogue of the dual semicanonical basis in the non simply-laced case, but only the set 
of cluster monomials which should be a part of it. 



Proof. First, ([m]) is an easy consequence of ^ because cluster monomials of C[A^] are of the 
form where X e TZ. Moreover dn]) is a particular case of ([ml). Let d be such that X s TZ^. 
Let us construct fx by induction on d. For d = 0, /o = 1. Suppose that d 9^ 0. As X is 
nilpotent, there exists i such that k-^^X) > 0. Let us now argue by decreasing induction on 
k\{X). Suppose the result is proved for every X' of dimension d such that k\{X) < k\{X') ^ di. 



Let fo 



h{x) 



For Y eTZ, one gets 
Y,^kx [[Z e GTk,(^x){Y) I dimZ = i'^'W and {fe}^(xy) = ^}) 







indeterminate 



if ki{Y) < ki{X) 
if ki{Y) = h{X) 
if ki{Y) > ki{X) 
if ki{Y) < ki{X) 

if ki{Y) = ki{X) and SliY) 00 ^|(X) 
if ki{Y) = ki{X) and SjiY) ~ 
indeterminate if ki(Y) > ki{X) 

if ki{Y) < ki{X) 
if ki(Y) = ki{X) andY ooX 

if y ~ X 

indeterminate if ki{Y) > ki{X). 



Hence 



fx ~ f° 



(/o)/t 



ki{Y)>ki{X) 



is suitable (the fy in the sum exist by induction). □ 

The second point of proposition 14.261 together with corollary 14.141 proves that {{iPy) , B (T)) is 
the initial seed of a cluster algebra where X runs over the equivalence classes of indecomposable 
objects of T. 

Using |GLS6l 9.3.2], one can now explicitly compute B{T). One denotes by r the number of 
positive roots of A and rx the number of positive roots of A|^/r- 

Consider (i) and £ defined as before. Let X = QQ/T\Jll,i} ordered in the following way: 
the order on Qo/T does not matter, the order on {1,1} is the natural one and, if j 6 Qo/r and 
n e then j < n. We now extend the word (i) defined on {!,£} to a word defined on T 

by seting, for j 6 Qo/^, ij = j- Let e((i)) = {n e {1,1} \ 3m 6 [!,£]], m > n and im = in}- If 
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n 6 e((i)) W Qo/r, then one denotes n"*" = min{m 6 [1, | m > n and = in}- For j 6 K /T, 
let ij = max{f ^ rK\it = j}- For j e J/F, let tj = j. Then, one constructs a matrix B{{\),K) 
whose lines are indexed by (Jrx,?^! n |j 6 Qo/F} and columns by I|rx,rl| n e((i)): 



-1 




if m"*" = n 
if n"*" = m 

\i n < m < < m"*" 
if m < n < < n"'" 
else. 



where C is the Cartan matrix of A. 



Example 4.28. Continue with example 14.221 Then e((i)) = {1,2,3,4,5,7}. One computes 
o+ = 1,6+ = 2, c+ = 4, 1+ = 3, 2+ = 5, 3+ = 6, 4+ = 7, 5+ = 8 and 7+ = 9. And also ta = 3, 
tb = 2 and tc = c. One deduces that B{(i), K) has lines indexed by {4, 5, 7, 3, 2, c} and columns 
indexed by {4, 5, 7}. The Cartan matrix of A is 





(2 -1 







-1 2 






{0 -1 





Hence, 



/o 


-1 


1\ 


2 





-2 


-1 


1 








-1 





-2 


1 










0^ 



Proposition 4.29. There is an indexation of the T-orbits of indecomposable direct summands 
ofT = T(^i)^K by {tn\ne Qo/T} 0(|r/^,r| n e((i))) such that, via this identification, 

B{T)=B{{i),K). 
Proof. Let (i) be the image of (i) by the substitution 

ieQo/F^n^ 



where the order of the letters in the product does not matter. Hence, one gets a representative 
of the longest element of W. 

First of all, according to |GLS6[ 9.3.2], B{T) = B{{i),K) where B{{i),K) is the analogous 
of B{(i),K) for the action of the trivial group. To n e [[1,^11, one assigns the set n' cz [[l,r]] 
where r is the number of positive roots of A in such a way that the set of letters at positions n' 
in (i) comes from the letter at position n in (i) through the above substitution. For j e Qo/F, 
let j' = j. Finally, for n 6 Qo/F JJUl, rj, let n° € n' . Then, it is enough to do the following 
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computation using proposition 13.401 where C is the Cartan matrix of A: 

B{T)mn = ^ B{T)rnn° = ^ B{{i),K)frm° 
mem' inem' 

if m"*" 



mem' 



1 

-1 

C 




1 

-1 


1 

-1 





= n" 
if n""*" = in 

if n° < m < yi,""*" < m"*" 
if m < n° < 7TI+ < n""*" 
else. 

if m"*" 



if 



= n 
m 



Cj^i „ if n < m < n"*" < ?7i+ 
„ if m < n < m"^ < n"*" 
else. 

if = n 
if n"*" = m 

if n < 771 < n"*" < m"*" 
if m < n < < n"*" 
else. 



which is the expected result. 

Corollary 4.30. The matrix B{T) is of full rank. 



□ 



Proof. It is clear that for any column index n of the matrix B{(i),K), there is a unique line 
index such that (?t-^)+ = n. Hence, for all column indices n, B{{i), K)n-n = 1 by definition 
of B{(i),K). Moreover, if m < n are two column indices, then -ftr)„-„ = as (m~)+ = 

m < n. For summarize, the submatrix of -B((i), K) whose lines are the n~ in the same order as 
the columns is lower triangular with diagonal 1. □ 

Remarks 4.31. • One conjectures that for every F-orbit X of isomorphism classes of 

Sub Ij, one has 

= P-xi'^JieQo/r- 

This is clearly true for the rigid X which can be reached from T by mutations. 
• Using corollary 13.611 it gives another proof of the linear independence of cluster mono- 
mials of C[N] than proposition 14.261 

Let G (resp. G) be the connected and simply-connected simple Lie group corresponding to 
the Lie algebra g (resp. q). Let B (resp. B) be its Borel subgroup corresponding to the Lie 
algebra b (resp. b). Now, and N are considered to be unipotent subgroups of B and B. Let 
Bk be the parabolic subgroup of G generated by B and the one-parameter subgroups *Xj(t) for 
i e K and t e C Let also Bk be the parabolic subgroup of G generated by B and the images in 
G of the one-parameters subgroups ^Xi{t) for i e K and t e C Let Nk be the unipotent radical 
of Bk- Let Nk be the unipotent radical of Bk- 

Let A'{Suh Ij,T,T) be the subalgebra of C[A^] generated by the t/^, where X runs over the 
F-orbits of isomorphism classes of Sub Ij such that 

XeX 

is rigid. 

Let ^Q(Sub/j, F, T) be the subalgebra of C[A^] generated by the V'x' where X runs over the 
F-orbits of Sub/j. The algebras yl(Sub/j, F, T) and ^o(Sub/j, F, T) were defined in section 
[331 
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Proposition 4.32. // the conjecture of remark 4-^1 holds true then there is a commutative 
diagram 

A{B{T)) 



^(SubIj,r,T) 



^'(Sub/j,r,T) 



A(Subij,r,T) -^^(Sub/j,r,T). 

Proof. It is clear because the (V'rJieQo/r algebraically independent. □ 

Remark 4.33. In proposition 14.321 the four inclusions exist even if the conjecture of remark 14.31 1 
does not hold. It is a hard problem to understand when these inclusions are isomorphisms. 

Proposition 4.34. One has C[Nk] ^ ^^(Sub/j, T, T). 

Proof. This is the immediate translation of [GLS61 proposition 9.1] together with the fact that 
«; : C[iV]/r ~ C[iV] defined just before notation 14.101 restricts to an isomorphism C[iV'i^]/r ~ 
C[NkI □ 

Conjecture 4.35. One has C[Nk\ ^ A{B{T)). 

Lemma 4.36. The clusters of A{B{T)) have 
(i) r — rx cluster variables; 
(a) #(5o/r coefficients. 

Proof. The point ^ is proved using [GLS61 proposition 3.2]. The proof of ^ starts with the 
particular case K = 0. In this case, the upper bound by r is found as in |GS| . by counting 
the F-stable components of the module variety, and using the description of the roots of A of 
lemma Let now T be a basic maximal F-stable rigid Ag-module. As we have seen before, 
it is cluster tilting and therefore, according to |GLS6l proposition 7.3], it has r indecomposable 
direct summands where r is the number of positive roots of A. One see that the F-orbits of 
these summands correspond to F-orbits of roots in the description of |GSj . Hence T has exactly 
r F-orbits of indecomposable summands using lemma l46l After that, if ^ 0, the proof of 
[GLS61 proposition 7.1] works exactly in the same way and therefore, there is at most r — rx 
cluster variables. The fact that r — is reached is the same as above for proving that r is 
reached. □ 

One can now prove the following result, a part of which is proved in [GLS61 §11.4] and the 
other part is conjectured in |GLS6l §14.2]: 

Proposition 4.37. The cluster algebra A{B{T)) has a finite number of clusters exactly in the 
following cases (the circled vertices are those of J and n is the number of vertices): 



Type of G 


Type ofA{B{T)) 


(i) — • • 




• — ® — • • 


An-2 


® — ® — • • 


An-1 


® — • • — ® 




® — • • — ® — • 




® — ® — • • — ® 
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Type of G 


Type ofA{B{r)) 


(5) • • ® • 




• ® ® • 


Di 


® ® ® • 


D5 


® ® ® ® 


De 


• • (i) • • 


Di 


® • ® • • 


Ee 


• ® ® • • 


Eg 


® ® ® • • 


E7 


• • ® • • • 


Eg 


• ® ® • • • 


Es 


• • ® • • • • 


Es 


• 




® • 




• 




® 

/ 




/ 

• • 

\ 


A, 


\ 

® 




® 

/ 




• • • 


A, 


• 




® • • -C" • 


{Air-' 


® — • • ^ • 


{Air-' 


® ^- ® 


B-2 = C2 


• — < ® 


B3 


• — ® 


C3 



Proof. All simply laced cases are proved in |GLS6l 11.4]. The other cases must come from a 
simply laced case endowed with a group action by proposition 13.551 Thus, one has to look at 
the automorphisms of each diagram stabilizing J. This gives immediately a list of five non 
simply-laced cases: 



Type of G 


r 


Type of G 


® — • • — ® 


Z/2Z 


® • • < • 


® — ® — ® 


Z/2Z 


® ^- ® 
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Type of G 


r 


Type of G 


• • (5) • • 


Z/2Z 


• — < ® 


• 

® • 

• 


Z/2Z 


® — • ^ 


® 

/ 

• • 


Z/2Z 


• — ^- (») 



Compute their cluster type: the diagram 

® • < 

with n vertices comes from the diagram 

® • • ® 

with 2n — 1 vertices endowed with the only non-trivial automorphism of order 2. Hence, its 
type must be obtained from (^di)^""^ with the action of Z/2Z; thus, its cluster type is of 
the form (^i)^ for some k. Using lemma 14.361 the number of cluster variables in a cluster is 
r — rx = fi^ — {n — 1)"^ = 2n — 1 and if one removes the n coefficients, its type has to be of rank 
n — 1 which implies the its cluster type is The other cases can be handled by the same 

method. □ 

4.3. Categories Cm and unipotent groups. This application is a generalization of [GLS1| . 
Let Q be now an arbitrary quiver without oriented cycles. Let F be a group acting on Q in an 
admissible way (see previous section). The algebra kQ is naturally identified with a subalgebra 
of Aq, one denotes by 

ttq : mod Ag mod kQ 
the corresponding restriction functor. It is essentially surjective. 

Definition 4.38. A module M e mod kQ is said to be terminal if 

(i) M is preinjective; 

(ii) if X e mod/cQ is indecomposable and HomfcQ(M, X) 0, then X e add(M); 

(iii) add(M) contains all injective fcQ-modules. 

Definition 4.39. Let M e mod/cQ be a terminal module. Define 

Cm = 7r-i(add(M)). 

Theorem 4.40. |GLSll theorem 2.1] Let M 6 laodkQ he a terminal module. Then the category 
Cm is an exact, Horn-finite, Krull- Schmidt, Frohenius, and 2-Calabi-Yau subcategory o/modAg. 

Let M be a terminal, F-stable mod /cQ-module. 

Recall the following lemma of GeiiJ, Leclerc and Schroer: 

Lemma 4.41 ( |GLSll lemma 5.6]). The category Cm is a subcategory of modAg stable by 
factors. In other terms, for X e Cm and Y a Aq-submodule of X, then XjY 6 Cm- 

Corollary 4.42. All projective objects of Cm have left rigid quasi- approximations. 
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Proof. In order to prove this, it is enough to see that the hypothesis of lemma [3.201 are satisfied. 
The lemmas at the beginning of |GLSll §8] prove that the projective objects of Cm have simple 
socles in modAg. Moreover, as the action of F on Q is admissible, @^gp g ® 5 is rigid for 
all simple A^-modules S. The other hypothesis of lemma 13.201 are immediate consequences of 
lemma on □ 

The Ag-modules Tm and T^j constructed in [GLSll §7] are cluster-tilting and Endc„(T/v.f) 
and Endc^^(r^) are of finite global dimension. Moreover, they are F-stable as M is. 

The action of T is 2-Calabi-Yau in the sense of definition 12.461 for the same reasons as in the 
previous section. Hence, one can apply the results of section [331 in Cm with T = add(TA,/) and 
= add(T-). 

Let G be the Gabriel quiver of EndfcQ(M), in which one adds an arrow x ^ t{x) for every 
vertex x such that t{x) correspond to an indecomposable object of add(M) (where r is the 
Auslander-Reiten translation). A vertex z of G is called to be frozen if r(i) ^ G. 

Proposition 4.43 ( |GLSll §7.2]). The matrices B{T) and B{T'^ ) are equal, with an appropriate 
indexation, to the adjacency matrix ofQ, from which the columns corresponding to frozen vertices 
are removed. 

Notation 4.44. Let NQq" = N x Qq and NQf = N x Q°P]JN x Qi endowed with maps 
s,t: NQf ^ NQqP defined by 

in,s(q)) if (7i, g) 6 N X g°P 

{n + l,s{q)) if{n,q)eNxQi 



s{n,q) = 
t{n,q) = {n,t(q)). 



Thus, one defined a quiver N(5°p. Let also be the quiver N(5°p, on which one adds the arrows 
(n, i) ^ in + 1, i) for (n, i) e NQqP. 

As Q has no cycles, an order on Qq can be fixed in such a way that every arrow of Q has a 
larger target than its source and in such a way that F acts on Qq by increasing maps. Thus, 
this order induces an order on Qo/T. Then, one endows NQq'' = N x with the lexicographic 
order. 

It is classical that the Auslander-Reiten quiver of add(M) is a subquiver of N(5°p and that 
is a subquiver of 0, the Auslander-Reiten translation r of add(M) being given by the arrows 
(n, i) ^ {n + 1, i) in 0. 

Corollary 4.45. The matrix B{T) has full rank. 

Proof. One will use the structure of 0. For every non-frozen F-orbit X of G, t{X) is a F-orbit 
of G. One restricts the order on vertices of G to an order on vertices of 0. Then, one gets for 
every non-frozen F-orbit X of G, 5(T)^^Y)x ~ ~^ ajid, if one considers another non-frozen 
F-orbit y < X of 0, i?(T)^^^-jy = by construction of the order on 0. In other words, the 
submatrix of -B(T) whose lines are the t{X) is upper triangular of diagonal —1. □ 

Corollary 4.46. The cluster monomial of A{Cm,^,'^) are linearly independent. 

Proof. It is a direct application of corollary I3.61[ □ 

Theorem 4.47. For every acyclic cluster algebra without coefficient A, there is a quiver Q, a 
finite group F acting on Q, a terminal module M of mod kQ and a cluster-tilting subcategory T 
of Cm such that the cluster algebra A{Cm,T,T) with coefficients specialized to 1 is isomorphic 
to A. This holds in particular for cluster algebras of finite type. 

Proof. Using the same proof as for lemma 14.21 for an acyclic exchange matrix B of A, there 
is a skew-symmetric matrix B and an action of a finite group F on it, such that B is given 
by proposition 13.401 ([n]). It is easy to see that B is acyclic. Let Q be the quiver of adjacency 
matrix B. If mod kQ has no projective-injective object (i.e., Q is not of type oriented in one 
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direction), then, M = kQ°^ @T{kQ°'^) is suitable. HQ is of type An oriented in one direction, T 
acts trivially. In this case, let Q' be a quiver of type An+i. Then Q' with M = kQ'°^ @T{kQ°^) 
is suitable (where Q is considered to be a subquiver of Q' with the same source). □ 

Here are two results which are immediate consequences of [GLS1| . 

Proposition 4.48. There exists in A{Cm^^ a sequence of mutations going from T to T^. 

Proof. Geifi, Leclerc and Schroer described in |GLSll §18] a sequence of mutations going from 
T to in A{Cm-,T). It is easy to see, following their algorithm, that one can sort these 
mutations in such a way that the mutations of a F-orbit of C are consecutive (it is enough to 
permute mutations which commute). Then, by proposition 13.401 it is clear that this sequence of 
mutations comes from a sequence of mutations in ^(CM,r,T). □ 

Proposition 4.49. The algebra A{B[T)) is a polynomial ring. More precisely, 

A{B{T)) = C[P:^]^^,-j 

where M is the set of Y -orbits of isomorphism classes of indecomposable objects o/add(M). 

Proof. By corollary ESS A{B{T)) a A{B{T))/T so, using [GLSli theorem 3.4], there is an 
inclusion A{B{T)) cz C[Py]x£M' converse inclusion, one uses the same technique as in 

[GLSll §20.2]: every X e M appears in the sequence of mutations of the previous proposition. 

□ 

The end of this section deals with the case of general Kac-Moody groups. It works in particu- 
lar for semisimple Lie groups. For more details about the infinite dimensinal case, in particular 
about the constructions of the finite dimensional subgroups N{w) and A^"', one refers to [GLS1| . 
One retains the notation of section I4T1 Let N (resp. N) be the pro-unipotent pro-group defined 
from n (resp. n) as in |GLS1[ §22] (see also |Kuml §4.4]) in such a way that C[A^] ~ U{n)*^ and 

C[iV] ^ U{n)l,. 

One denotes by A^^ the set of dimension vectors of indecomposable direct summands of M. 
As M is stable under the action of F, A'}^ also and therefore, one can denote by A^^ the image 
of A^^ in the real part of a root system of type A. As in [GLSll 3.7], there exists a unique w 
in the Weyl group VF of A such that A^j = {a e A+ | w{a) < 0} where A"*" is the subset of real 
positive roots of A. Let w be the image of w in W. 

The subalgebras n{w) (resp. n{w)) of n (resp. n) are defined as in [GLSll §19.3]. One retains 
the definitions of the finite dimensional subgroups N(w) and (resp. N{w) and iV"') of N 
(resp. N) given in [GLSTl §22]. Then C[N{w)] ~ U{n(w))*, and C[N{w)] ~ U{n{w))*,. In the 
particular case where Q is of Dynkin type, we are in the classical Lie framework. In this case, let 
G (resp. G) be the connected and simply-connected Lie group associated to g (resp. g). Then 

N{w) = N n {w-^N_w) and N"" = N n {B_wB_) ; 

N{w) = N n {w-^N_w) and = N n {B_wB_) 

where i?_ (resp. i?_) denotes the Borel subgroup of G (resp. G) associated to b_ (resp. b_) 
and (resp. iV_) denotes the unipotent subgroup of G (resp. G) associated to n_ (resp. n_). 
Here is the analogous of [GLSll theorem 3.5]: 

Theorem 4.50. The cluster algebra A{B{T)) is a cluster algebra structure on C[A^('u;)]. The 
cluster algebra A{B[T)) obtained by inversing the coefficients is a cluster algebra structure on 
C[iV"']. 

Proof According to [GLSll theorem 3.5], A{B{T)) is a cluster algebra structure on C[N{w)]. 
It is easy to see that the epimorphism k : U{n)*j./T U{n)*j. (see section HH]) restricts to 
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Figure 3. Auslander-Reiten quiver of Q 



a morphism C/(n(uj))*j./r U {n{w))^^. Hence, one can complete the following commutative 
diagram : 



A{B{T)f 



C[iV(u;)] 



■A{B{T))/T' 



c[iv(€)]/r 



[/(n(u;))* /rc . c/(n)* /r 



C/(n(^i;))*c 



U{n] 



gr 



Moreover, using an easy adaptation of proposition 14.261 one gets that a is a monomorphism. 
Using proposition 14.491 one concludes that a is an epimorphism, because, by the same method 
as in [GLSll proposition 22.2], 'C\P'x\xeM whole algebra C[A^('u;)]. 

The case of C[A^"'] is handled by the same method. □ 



Example 4.51. In this example, one will denote by Q the quiver 



h' 



endowed with the non-trivial action of T = Z/2Z. The Auslander-Reiten quiver of modCQ is 
displayed in figure [3l Denote by Mq the direct sum of the indecomposable CQ-modules so that 
Cmq = mod Aq. Let M be the direct sum of the indecomposable CQ-modules which are situated 
on the right of the double line in figure [3l 

As seen before, the group N is of type C3. It can be realized as a subgroup of N, which is 
seen as a subgroup of the subgroup of GL6(C) consisting of the upper unitriangular matrices. 
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More precisely, is the subgroup of GL6(C) generated by the one-parameter subgroups 



(\ 


t 











o\ 




A 














o\ 




/I 














o\ 





1 



















1 


t 
















1 




















1 



















1 



















1 


t 

















1 



















1 


t 
















1 




















1 


t 
















1 



















1 





^0 














V 


















V 




vo 














V 



As a consequence, C[A^] is a quotient of C[A^]. In the following table, to avoid cumbersome 
indices, we denote minors of a matrix x e by indicating with solid dots the entries of the 
corresponding submatrix of x. 

Here is the list of the F-orbits of the isomorphism classes of indecomposable direct summands 
X of T^, and the realization of V'Jf (see notation 14. lOh as a minor: 



F-orbit 




c c 

X X 

y b 

a' a. 




1 

1 • • • • 

• • • • 

• • • • 

• • • • 

1 




1 .... . 

1 . . . . 

1 . . . 

i 

1 . 

1 




c c 

X X 

b' b 
X X 
a' 




1 

1 . . . . 

1 • • • 

• • • 

• • • 

1 




1 .... . 

1 . . . . 

1 . . . 

i 

1 . 

1 




c c 

/X XX 

b b' b b' 

\ X X /XX 

c a' a c 
b' b 




1 

1 ■ • • • 
1 • • • 
• • • 

1 ■ 

1 




1 .... . 
1 . . . . 

1 . . . 
1 . . 
1 . 

1 




c c 

X X 

6' b 




1 

1 . . . . 

1 • • • 
• • 

1 • 

1 




1 

1 . . . . 

1 . . . 
1 . . 
1 . 

1 




c 

X X 

b b' 

/ \ X X 

a c a' 

\ X \ X 

b b' 

X X 

c 




1 ■ ■ • • • 
1 ■ • • • 
1 • • • 

1 ■ ■ 

1 ■ 

1 
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T-orbit 




c 

/ X 

b b' 

X X 

c 




1 

1 ■ . . ■ 
1 • • ■ 

1 ■ ■ 

1 ■ 

1 




c 




1 

1 . . . . 

1 . • • 

1 • • 
1 • 

1 




° a' 
X X 

b 

X y 

a' a 




1 




1 .... , 
1 . . . . 
1 . . . 
1 • • 
1 • 
1 




b b' 

XX /X 

a c c ' 

X / X / \ x" 
\ / X ^ XXX 

X X XX 
6' b 




1 ■ • • • • 
1 • • • • 

• • • • 

• • • • 

1 • 

1 




1 • • • . . 
1 • • . • 

1 . . . 

1 • • 
1 • 

1 





The last two orbits are those which do not appear in T^,j. A simple computation shows that the 
element w corresponding to the object M is w = acCrbacO'aCrbcrcO'b- As a consequence, the group 
N{w) is the subgroup of N consisting of the matrices of the form 



1 * ^ * 

1 * * * 
1 * 



1 



V 



and is the subvariety of N consisting of the matrices which satisfy 
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and 



7^ and 



• • 

1 ■ • • 

1 ■ ■ 

1 ■ 

1 



and 



• • • 

1 • . . . 

1 • • • 

1 • • 



0. 



Acknowledgments 

The author would hke to thank his PhD advisor Bernard Leclerc for his advices and correc- 
tions. He would also like to thank Christof Gei£, Bernhard Keller, Idun Reiten and Jan Schroer 
for interesting discussions and comments on the topic. 



References 

[ARS] Maurice Auslander, Idun Reiten, and Sverre O. Smal0. Representation theory of Artin algebras, vol- 
ume 36 of Cambridge Studies in Advanced Mathematics. Cambridge University Press, Cambridge, 1995. 

[BFZ] Arkady Berenstein, Sergey Fomin, and Andrei Zelevinsky. Cluster algebras. III. Upper bounds and 
double Bruhat cells. Duke Math. J., 126(l):l-52, 2005. 

[BIRS] Aslak Bakke Buan, Osamu lyama, Idun Reiten, and Jeanne Scott. Cluster structures for 2-calabi-yau 
categories and unipotent groups. arXiv: math/0701557. 

[BK] Bojko Bakalov and Alexander Jr. Kirillov. Lectures on tensor categories and modular functors, volume 21 
of University Lecture Series. American Mathematical Society, Providence, RI, 2001. 

[BMR"*"] Aslak Bakke Buan, Robert Marsh, Markus Reineke, Idun Reiten, and Gordana Todorov. Tilting theory 
and cluster combinatorics. Adv. Math., 204(2):572-618, 2006. 

[Bon] Klaus Bongartz. Algebras and quadratic forms. J. London Math. Soc. (2), 28(3):461-469, 1983. 

[CC] Philippe Caldero and Frederic Chapoton. Cluster algebras as Hall algebras of quiver representations. 
Comment. Math. Helv., 81(3):595-616, 2006. 

[CFZ] Frederic Chapoton, Sergey Fomin, and Andrei Zelevinsky. Polytopal realizations of generalized associ- 
ahedra. Canad. Math. Bull., 45(4):537-566, 2002. Dedicated to Robert V. Moody. 

[CKl] Philippe Caldero and Bernhard Keller. From triangulated categories to cluster algebras. II. Ann. Sci. 
Ecole Norm. Sup. (4), 39(6):983-1009, 2006. 

[CK2] Philippe Caldero and Bernhard Keller. From triangulated categories to cluster algebras. Invent. Math., 
172(1):169-211, 2008. 

[CP] Vyjayanthi Chari and Andrew Pressley. A guide to quantum groups. Cambridge University Press, Cam- 
bridge, 1994. 

[Demi] Laurent Demonet. Skew group algebras of path algebras and preprojective algebras. arXiv: 0902.1390. 
[Dem2] Laurent Demonet. Algebres amassees et algebres preprojectives: le cas non simplement lace. C. R. 

Math. Acad. Sci. Pans, 346(7-8) :379-384, 2008. 
[Dem3] Laurent Demonet. Categorification d'algebres amassees antisymetrisables. PhD thesis, Universite de 

Caen, November 2008. 

[DK] Raika Dehy and Bernhard Keller. On the combinatorics of rigid objects in 2-Calabi-Yau categories. Int. 

Math. Res. Not. IMRN, (ll):Art. ID rnn029, 17, 2008. 
[Dupl] Gregoire Dupont. An approach to non-simply laced cluster algebras. arXiv: math/0512043, important 

corrections. 

[Dup2] Gregoire Dupont. An approach to non-simply laced cluster algebras. J. Algebra, 320(4):1626-1661, 2008. 
[DWZl] Harm Derksen, Jerzy Weyman, and Andrei Zelevinsky. Quivers with potentials and their representations 

ii: Applications to cluster algebras. arXiv: 0904.0676. 
[DWZ2] Harm Derksen, Jerzy Weyman, and Andrei Zelevinsky. Quivers with potentials and their representations. 

I. Mutations. Selecta Math. (N.S.), 14(1):59-119, 2008. 
[FG] Vladimir V. Fock and Alexander B. Goncharov. Cluster A'-varieties, amalgamation, and Poisson-Lie 

groups. In Algebraic geometry and number theory, volume 253 of Progr. Math., pages 27-68. Birkhauser 

Boston, Boston, MA, 2006. 

[FK] Changjian Fu and Bernhard Keller. On cluster algebras with coefficients and 2-calabi-yau categories. 
arXiv: 0710.3152v4. 

[FST] Sergey Fomin, Michael Shapiro, and Dylan Thurston. Cluster algebras and triangulated surfaces. I. 

Cluster complexes. Acta Math., 201(1):83-146, 2008. 
[FZl] Sergey Fomin and Andrei Zelevinsky. Cluster algebras. I. Foundations. J. Amer. Math. Soc, 15(2):497- 

529 (electronic), 2002. 



[FZ2] Sergey Fomin and Andrei Zelevinsky. Cluster algebras. II. Finite type classification. Invent. Math., 
154(1):63-121, 2003. 

[FZ3] Sergey Fomin and Andrei Zelevinsky. F-systems and generalized associahedra. Ann. of Math. (2), 
158(3):977-1018, 2003. 

[FZ4] Sergey Fomin and Andrei Zelevinsky. Cluster algebras. IV. Coefficients. Compos. Math., 143(1):112-164, 
2007. 

[Gab] Pierre Gabriel. The universal cover of a representation-finite algebra. In Representations of algebras 

(Puehla, 1980), volume 903 of Lecture Notes in Math., pages 68-105. Springer, Berlin, 1981. 
[GLSl] Christof Geifi, Bernard Leclerc, and Jan Schroer. Cluster algebra structures and semicanoncial bases 

for unipotent groups. arXiv: matli/0703039v3. 
[GLS2] Christof Geifi, Bernard Leclerc, and Jan Schroer. Semicanonical bases and preprojective algebras. Ann. 

Sex. Ecole Norm. Sup. (4), 38(2):193-253, 2005. 
[GLS3] Christof Geifi, Bernard Leclerc, and Jan Schroer. Rigid modules over preprojective algebras. Invent. 

Math., 165(3):589-632, 2006. 
[GLS4] Christof Geifi, Bernard Leclerc, and Jan Schroer. Verma modules and preprojective algebras. Nagoya 

Math. J., 182:241-258, 2006. 
[GLS5] Christof Geifi, Bernard Leclerc, and Jan Schroer. Semicanonical bases and preprojective algebras. II. A 

multiplication formula. Compos. Math., 143(5):1313-1334, 2007. 
[GLS6] Christof Geifi, Bernard Leclerc, and Jan Schroer. Partial fiag varieties and preprojective algebras. Ann. 

Inst. Fourier (Grenoble), 58(3):825-876, 2008. 
[GS] Christof Geifi and Jan Schroer. Extension-orthogonal components of preprojective varieties. Trans. 

Amer. Math. Soc, 357(5):1953-1962 (electronic), 2005. 
[GSVl] Michael Gekhtman, Michael Shapiro, and Alek Vainshtein. Cluster algebras and Poisson geometry. 

Mosc. Math. J., 3(3):899-934, 1199, 2003. {Dedicated to Vladimir Igorevich Arnold on the occasion of 

his 65th birthday}. 

[GSV2] Michael Gekhtman, Michael Shapiro, and Alek Vainshtein. Cluster algebras and Weil-Petersson forms. 

Duke Math. J., 127(2):291-311, 2005. 
[Hap] Dieter Happel. On the derived category of a finite-dimensional algebra. Comment. Math. Helv., 

62(3):339-389, 1987. 

[Hubl] Andrew William Hubery. Representations of quivers respecting a quiver automorphism and a theorem 

of Kac. PhD thesis. University of Leeds, August 2002. 
[Hub2] Andrew William Hubery. Quiver representations respecting a quiver automorphism: a generalisation of 

a theorem of Kac. J. London Math. Soc. (2), 69(l):79-96, 2004. 
[Igu] Kiyoshi Igusa. Notes on the no loops conjecture. J. Pure Appl. Algebra, 69(2):161-176, 1990. 
[lyal] Osamu lyama. Auslander correspondence. Adv. Math., 210(l):51-82, 2007. 

[Iya2] Osamu lyama. Higher-dimensional Auslander-Reiten theory on maximal orthogonal subcategories. Adv. 
Math., 210(l):22-50, 2007. 

[Kas] Christian Kassel. Quantum groups, volume 155 of Graduate Texts in Mathematics. Springer- Verlag, New 
York, 1995. 

[KR] Bernhard Keller and Idun Reiten. Acyclic Calabi-Yau categories. Compos. Math., 144(5):1332-1348, 

2008. With an appendix by Michel Van den Bergh. 
[Kum] Shrawan Kumar. Kac-Moody groups, their flag varieties and representation theory, volume 204 of 

Progress in Mathematics. Birkhauser Boston Inc., Boston, MA, 2002. 
[Len] Helmut Lenzing. Nilpotente Elemente in Ringen von endlicher globaler Dimension. Math. Z., 108:313- 

324, 1969. 

[Lusl] George Lusztig. Quivers, perverse sheaves, and quantized enveloping algebras. J. Amer. Math. Soc, 
4(2):365-421, 1991. 

[Lus2] George Lusztig. Introduction to quantum groups, volume 110 of Progress in Mathematics. Birkhauser 
Boston Inc., Boston, MA, 1993. 

[Lus3] George Lusztig. Total positivity and canonical bases. In Algebraic groups and Lie groups, volume 9 of 
Austral. Math. Soc. Lect. Ser., pages 281-295. Cambridge Univ. Press, Cambridge, 1997. 

[Lus4] George Lusztig. Semicanonical bases arising from enveloping algebras. Adv. Math., 151(2):129-139, 2000. 

[Mac] Saunders MacLane. Categories for the working mathematician. Springer- Verlag, New York, 1971. Grad- 
uate Texts in Mathematics, Vol. 5. 

[MRZ] Robert Marsh, Markus Reineke, and Andrei Zelevinsky. Generalized associahedra via quiver represen- 
tations. Trans. Amer. Math. Soc, 355(10):4171-4186 (electronic), 2003. 

[Ost] Victor Ostrik. Module categories, weak Hopf algebras and modular invariants. Transform. Groups, 
8(2):177-206, 2003. 

[Pal] Yann Palu. Cluster characters for 2-Calabi-Yau triangulated categories. Ann. Inst. Fourier (Grenoble), 
58(6):2221-2248, 2008. 

[RR] Idun Reiten and Christine Riedtmann. Skew group algebras in the representation theory of Artin alge- 
bras. J. Algebra, 92(l):224-282, 1985. 



63 



[Yan] Dong Yang. Clusters in non-simply-laced finite type via Probenius morphisms. Algebra Colloq., 
16(1):143-154, 2009. 

LMNO, Universite de Caen, Esplanade de la Paix, 14000 Caen 
E-mail address: Laurent.Demonet@normalesup.org 



64 



